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XI. On anew Hyperbolagraph. By H, Cunynename*. 


It is a not unfrequent want to be able to find the rectangle 
of greatest or least area contained between a curve and 
any given rectangular coordinate axes. In several problems 
connected with motion and pressure in steam-engines this is 
very useful; and even in political economy the graphic repre- 
sentations of monopoly-curves depend on the maxima and 
minima of this nature. 

For the solutions of such problems it is often very useful to 
be able to describe any rectangular hyperbola, the axes being 
given. To effect this, I have constructed a machine which is 
capable of drawing these curves with considerable accuracy. 
It depends on a mathematical property of the rectangular 
hyperbola, which, so far as I am aware, is new. From a fixed 
point O let a line O P be drawn to meet a fixed line A B in P. 
Take PQ perpendicular to AB, and make OP+PQ =a 
constant length. Then the locus of Q is a rectangular hyper- 
bola whose asymptotes are equally inclined to A B, and such 
that if the said asymptotes be taken as axes, wy=2(OM)’. 
This is easy to prove ; for if PM=a2, PQ=y, and OQ=0 and 

* Read June 12, 1886. 
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OM=0; then 
y=a—OP, 
=a—r/b? +27, 

or ; 
a? —2ay +y?=b? + x’, 
v—y+2ay=a’—d’, 
which is the equation to a rectangular hyperbola. 

The line O P Q, instead of being made of thread, is made of 
a fine wire of steel wound round a roller at O, and given one 
complete turn round the roller at P, fixed to the movable 


T-square PQ. It is kept stretched by means of a string 
and weight, or a spring pulling ijgaway (not shown in the 
figure). 

This use of rollers and a fine steel wire, or a band, is very 
useful in all instruments depending on the use of strings. As 
a substitute for it, a flat band of steel or copper wire may 
sometimes also be employed: It 
will.of course be noticed that 
the rollers form a compensation & 
arrangement, for as much as is 
rolled on.to one roller is rolled 
off the other. It will also not 
fail to be noticed, that an ellipto- () a) 
graph could be constructed in 


this manner by the use of a steel wire and rollers; the rollers 
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being arranged so as to compensate one another, so that when 
much wire was rolled up on one, less would be rolled up on 
the others. This principle has hardly been sufficiently used 
up to now, and is worthy of attention. In many other instru- 
ments depending on the length of strings, the direction of the 
forces altering, there is unequal strain ; but in this instrument 
(as was pointed out by Mr. Boys) there will be no such 
tendency, as the string is always kept stretched by a constant 
weight. 


XII. On an Electric-light Five-damp Indicator. 
By Watter Emuorr and WiLLIAM ACKROYD *. 


THE Royal Commission on Accidents in Mines point out, 
in their recently issued Report, a serious objection to the 
use of the electric light in mines, notwithstanding its 
many other great advantages, in that the light of an incan- 
descent lamp being produced within a vacuum cannot admit 
of any device for the indication of fire-damp such as is 
employed in the Davy for example. This difficulty was 
Fig. 1, 


experienced by one of us in the course of an installation of 
the electric light in the Lofthouse pit, Wyke, Yorks, in the 
summer of 1885; and we have since made a series of experi- 


* Read June 12, 1886. 
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ments with the object of devising a method of making the 
electric light an indicator of fire-damp. The apparatus 
placed before the Physical Society is the outcome of our 
work. It consists of two incandescent lamps, one with 
white glass and the other with red, and other necessary 
adjuncts, such that in an ordinary atmosphere the white 
incandescent lamp alone shines, but in fire-damp the white 
lamp goes out and the red one begins to emit its light. 
This is effected as follows :—A porous pot of unglazed hard- 
baked porcelain is joined by air-tight connections to a tube 
a portion of which is represented by TT’, fig. 2. This tube is 
of such an internal diameter that it will readily admit of 
being sealed with a small quantity of mercury, Hg. A 
platinum wire runs the whole length of the tube and is 
connected with one of the poles of the battery B or other 
source of electricity. Two other platinum wires in the tube 
run parallel with this for part of the way, as in fig. 2, and 
each is connected with a lamp. The lamps W and R are 
joined, and a branch wire connects them to the other pole of 
the battery. In fig. 2 the current is represented as flowing 
through W ; when from diffusion in an atmosphere of fire- 
damp, the conducting plug Hg is driven up to T!, the current 
will flow through R, and the red light may then be taken to 
indicate the presence of fire-damp. 


Fig. 2. 


p. Porous pot. 
a and 6, desiccating tubes. 


The wires being within the tube, one or other of the lamps 
must always be shining so long as there is a current, whether 
the apparatus be in an atmosphere of fire-damp, choke-darhp 
or air ; and to prevent the mercury being driven out of the 
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tube by too much pressure, bulbs are arranged on either side 
as in fig. 3, which presents a dia grammatic view of the 
apparatus. We have found an internal diameter of tubing 
of about 3 millim. best adapted for ensuring easy mobility of 
the mercury. The presence of the wires within the tube has 
interfered with the perfection of the seal ; this we have over- 
come bythe introduction of a little concentrated sulphuric acid, 
which also serves the purpose of preventing sparking and of 
lubricating the interior. The use of sulphuric acid necessi- 
tates the addition of desiccators a and J, fig. 3, to each end 
of the tube ; but in cases where it has been found advisable 
not to use sulphuric acid, both the acid and the desiccators 
have been dispensed with by slightly modifying the arrange- 
ment of the wires at the lower part of the tube. With this form 
of apparatus we are readily able to detect the presence of 5 per 
cent. of coal-gas in a mixture of this gas with air; and witha 
mercury seal of less weight and closer proximity of the wires 
at T and T? (fig. 2), it appears possible to get any required — 
degree of sensitiveness. It is proposed to have the apparatus 
fixed in the main roads and hauling roads in pit installations. 


Dr. H. Sprence exhibited at the meeting on May 22 the 
following objects connected with the Hell-Gate Explosion 
near New York; viz. :— 

(1) Three photographs taken of the Flood Rock from three 
different points at the moment after the explosion, October 10, 
1885, when the mine was charged with 22 tons of dynamite 
and 107 tons of one of Dr. Sprengel’s Safety-Explosives 
(Journ. Chem. Soc. 1873, p. 806). 

(2) A sample of this Safety-Explosive (79 per cent. potas- 
sium chlorate and 21 per cent. nitrobenzene), possessing ‘the 
power 109 according to General Abbot, U.S. Army (dynamite 
with 75 per cent. nitroglycerin being 100). 

(3) Effects on lead, produced by. the explosion of equal 
weights of another series of Safety-Explosives—the Nitric- 
Peroxide mixtures—demonstrating their greatly superior 
power over that of nitroglycerin. 
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XIII. Note on a Mode of maintaining Tuning-Forks by 
Electricity. By Prof. 8. P, Taompson*. 


Aut who have worked with self-maintained electric tuning- 
forks have met with the fact that these instruments as 
ordinarily arranged give a very irregular note, the pitch of 
which is continually slightly altering, and even those which 
are fairly constant in pitch are continually changing the phase 
of their vibrations. These changes of phase and of pitch 
render the electrically-sustained tuning-fork as usually. con- 
structed almost useless for acoustic work, and diminish the 
usefulness of the instrument for chronoscopic and electric 
applications. They appear to be due to a fact which is toler- 
ably obvious to any one acquainted with the fundamental 
principles of the vibrations of elastic bodies, namely, that the 
impetus given by the electromagnet at each vibration is given 
at the wrong instant of the motion, namely at some other 
instant than that during which the fork is passing with maxi- 
mum velocity throtigh the position of zero displacement. In 
the older forms of electro-diapason constructed by Fessel and 
by Koenig, the electromagnet was of horseshoe form, having 
poles outside the prongs of the fork ; whilst in the more recent 
instruments by Koenig the electromagnet is of short cylin- 
drical form, and placed between the prongs of the fork. The 
latter arrangement, which is preferable for several reasons 
electrical and mechanical, seems to have been first suggested 
by Lord Rayleight. In the earlier form contact was made 
by a stylus, carried by the prong of the fork, dipping into the 
mercury cup: in the later form the stylus usually makes con- 
tact against a platinum-headed screw, almost exactly as does 
the interrupter of Wagner so common in electric bells. In 
either case contact is made at a very brief interval before the 
prong of the fork reaches its extreme elongation away from 
the pole of the electromagnet, and is broken at a slightly 
longer interval after the prong has passed its extreme elonga- 
tion, the difference arising from the elasticity of the stylus, 
and the necessary imperfection of the contact until a certain 


* Read June 26, 1886. 


+ Vide Helmholtz, ‘Sensations of Tone,’ Ellis’s edition of 1875, p. 178, 
} ‘Theory of Sound,’ vol. i. p. 56, 
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actual contact-pressure has been attained. There is also a 
certain retardation in the electro-magnetic pull behind the 
instant of greatest current, dwing to the self-induction of 
the circuit and the mutual induction between the coil and its 
core. But if the core be short, and laminated, and of good 
iron, and if the resistance of the circuit be considerable in 
proportion to its coefficient of self-induction, the retardation 
of phase in the periodic electromagnetic impulses will not be 
of any great importance. Lord Rayleigh remarks* that if 
the magnetic force depended only on the position of the fork 
the phase might be considered to be 180° in advance of that 
of the fork’s own vibration. That is to say, considering a 
displacement of the fork toward the electromagnet positive, 
the maximum force occurs when the displacement is a nega- 
tive maximum. But, adds Lord Rayleigh, the retardation due 
to self-induction and imperfect contact reduces this advance. 
Lord Rayleigh further remarks that if the phase-difference be 
reduced to 90° the force acts in the most favourable manner, 
and the greatest possible vibration is produced. He might 
have added that in this case the tendency to produce phase- 
change is the least possible. He suggested as a means of 
producing any desired retardation, the use of a stylus attached 
not to the prong itself, but to the further end of a light 
straight spring carried by the fork. 

It seems to the present writer, that a better way to secure 
the proper timing of the impulses is to be found in the sug- 
gestion which he now makes, and which arose in his mind 
after considering the difference of phase which exists between 
two dynamo-electric machines associated together. Let two 
forks in unison with one another be provided, and let each act 
as interrupter to the other, but not to itself; the electromag- 
net of each being included in the circuit of the other’s contact- 
points. One battery will suffice for the two, as they will not 
both make contact at the same time. 

Fig. 1 shows the proposed arrangement. The forks when 
started will settle down to a difference of phase corresponding 
to an almost exact quarter of a period. 

Fork B is arranged, as shown in fig. 1, so that it makes 


* Op. cit, p. 59. 
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contact at the inward stroke at the point when its displace- 
ment is at the positive maximum; fork A makes its contact 
at the outward stroke when its displacement is at the negative 
maximum. 


Fig. 1. 
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Reference to figure 2 will elucidate the phase relations. 
In this figure the upper curve relates to fork A and the lower 


| 


Fig. 2. 


to fork B. Positive values of the ordinates relate to positive 
displacements in the sense of approach to the electromagnet. 


- 
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When A has moved through } of its cycle of movements, 
and the displacement is 2 negative maximum aq, it makes 
contact for B’s electromagnet, which gives a momentary im- 
pulse just as B has phase 0°. A quarter of a period later B 


_ makes contact (6,), and gives an impulse to A just when A’s 


phase is 0°. The arrows indicate the instant and direction of 
the forces. It is assumed that*the retardation due to self- 
induction is small, as compared with the period of the forks ; 
and. this may easily be made s0, firstly, by employing alee 
short internal electromagnets with laminated cores, and, 
secondly, by interposing sufficient inductionless resistance in 
the circuit. 

Another point of some importance in the construction of 
electrically sustained forks is that the contacts should be very 
firm, and should be made much nearer the hilt of the fork 
than is usual in these instruments. When the stylus is near 
the outward end of the prong there is much greater amplitude 
of motion at the contact than is really requisite. A pin of 
platinum secured to the prong at about 5 centimetres from the 
point of bifurcation, making contact against a platinum-faced 
strip of German silver, half a millimetre in thickness, to serve 
as a spring, will answer the purpose for forks of ordinary size. 

A common imperfection in the electro-diapason as usually 
constructed is the method of mounting the fork. Its shank 
is held with nut and washer to a block of wood or metal, 
which is then secured to a stand by a single bolt or screw 
which runs at right angles to the shank and to the planes of 
vibration of the prongs. The defect of this mounting is that 
the fork can shift a little round the bolt, and is liable to 
become set with one prong nearer one face of the electromag- 
net than the other prong is to the other face. This often 
results in the occurrence of actual rattling contacts between 
the fork and the electromagnet, as well as in derangements of 
the adjustment of the working contacts. It also gives rise to 
another kind of difficulty: if one prong is nearer to the 
electromagnet than the other is, there will be a tendency for 
the fork to vibrate as a wholo around the bolt or frame upon 
which it is mounted, and this will give rise to slow alternations 
of good and bad contacts, producing on the sound an effect 
not unlike that of beats. Hither the bolt which secures the 
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fork to its mounting should lie in the plane of the vibrations, | 
or else it should be replaced by a more substantial species of 
mounting. 


XIV. Further Notes on the Formule of the Electromagnet and 
the Equations of the Dynamo. By Professor Sirvanus P. 
_ Tuompson, D.Sc., B.A.* 


1 The Lamont-Frélich Formula. 
Dr. O. FroxicH has done me the honour of replying f to 
a certain point in my former communication to the Phy- 
sical Society, “On the Law of the Electromagnet and the 
Law of the Dynamo’’}. In that communication I pointed 
out that Lamont had in 1867 published a rational theory of 
the electromagnet, based upon the assumption that the per- 
meability of the iron was at every stage of the magnetization 
proportional to the deficit of saturation, leading him to an 
exponential expression, 
m=M(1—e-*), 

where m is the magnetism present at any stage, M its maxi- 
mum value, & the ratio of the permeability to the deficit of 
saturation, and « the magnetizing force proportional (approxi- 
mately) to the number of ampere-turns of the magnetizing 
current. This formula more correctly expressed the facts than 
either of the commoner formule of Lenz and Jacobi and of 
Miiller. 

I further pointed out that Lamont had himself§ given, as a 
sufficient approximation to the formula, the simpler expression, 
aMz 
M+ax’ 
which formula is mathematically identical with that now 
commonly attributed to Dr. Frolich. For, writing a=kM, 
we get at once 


i= 


ka: 
T+ ke’ 
which is the formula claimed by Frélich. 
* Read June 26, 1886. 
| Elektrotechnische Zeitschrift, vii. p. 163, May 1886. 


t Proceedings, vol. vii. p. 265. 
§ Lamont, Magnetismus, p. 41. 


m= M 
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Lamont having developed his exponential expression in a 
series of ascending powers of kx, I did the same for the 
simpler formula for the purpose of comparison, and showed 
that, neglecting the fourth and higher terms of each series, the 
expansions are very nearly equal for all values of kx except 
for very large ones, and are identical for the value kr=3. 
Dr. Frolich, overlooking the words I have above italicized, 
commits the mistake of supposing that I had said that La- 
mont’s exponential expression is identical in value with the 
simpler formula when kr=3. I have said nothing of the 
kind. 

Further, when Dr. Frélich says, “ Hiernach ist die Aussicht 
vorhanden dass nicht die Lamontsche sondern die von mir 
benutzte Formel die wahre Gesetz der Elektromagnete ent- 
halt,” he is forgetting that the formula used by him is also 
Lamont’s. He has proved, in his most recent communication, 
that the differences between the calculated and the observed 
values are about half as great when calculated by the simpler 
formula. The second and simpler formula suggested by 
Lamont appears therefore to be better than the first and more 
complex formula which he suggested. It has been recently 
shown by Mr. Bosanquet* that if we take as expressive of the 
permeability, not the instantaneous value dm/dz, but the 
- integral value m/z, and treat this on Lamont’s plan as pro- 
portional to the deficit of saturation, 


~=k(M—m), 


we deduce at once the formula in question. Dr. Frélich’s 
researches upon the dynamo have given us the most complete 
and perfect proofs of the adequacy of the formula to represent 
the facts of the electromagnet as it is used in practice. My 
former communication was indeed mainly written to point 
out, the extreme value and interest of Dr. Frélich’s work 
from this point of view. 


2. Frolich’s simplified Formula of the Electromagnet. 
Since my former communication to the Physical Society 
was made, a further work on the theory of the dynamo by 


* ‘Electrician,’ vol. xvi. p. 247, February 1886. 
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Dr. Frilich has appeared*. In this work he carries the sim- | 
plification of the formule of magnet and of dynamo one stage 
further by introducing considerations somewhat closely con- 
nected with those which entered into my own work of 1883-4. 

The form adopted by me in 1883 for the Lamont-Frolich 
formula was eae ; 

Kot 
BS iaes 

where H is the resulting average intensity of the magnetic 
field (in which the armature rotates), « the initial value of the 
magnetic permeability, G a coefficient depending upon such 
purely geometrical quantities as the form and size of core, 
pole-pieces, and coils, S the number of windings of the mag- 
netizing coil, and o the “saturation-coefficient.” This can be 
transformed at once to Frélich’s form by writing M=Gx/o; 
k=o; x=S8i. In 1884 I pointed outf the nature of this 
saturation-constant and its importance in the resulting equa- 
tions of the dynamo. It is the reciprocal of that number of 
ampere-turns which, to mark its importance, I ventured to 
term “ diacritical,” namely that number of ampere-turns which 
will reduce the instantaneous value of the magnetic permeability 
to half its initial value, or which, in the formula used, will give 
to the magnet exactly half its maximum magnetism. I further 
pointed out in my lectures on the dynamo that year, that, if-the 
number of windings of the coil S is given, there will be a “ dia- 
critical’ current, namely a particular value of current which 
will exactly half-saturate the magnet. Dr. Frdélich has inde- 
pendently made use of this conception, and has applied it to 
the formula of the electromagnet. The argument is his, but 
I retain the notation I have used. 

Writing (Sz) for the diacritical number of ampere-turns, 
we have (as I showed in 1884) (St)’=1/c. 

Taking the expression 

a GeSi Ge & 
See ee 


hee Sian, a 1 ; 
~ +8 
o 


* Die dynamoelektrische Maschine. Eine physikalische Beschreibung fiir 
den technischen Gebrauch, von Dr. O. Frilich (Berlin, 1886). 

T ‘Dynamoelectric Machinery,’ first edition, p. 221; also Report Brit. 
Assoc., Montreal Meeting, 1884. 
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and writing 
y= &, 
we have i 
U 
a7. See 


where Y is obviously the limiting maximum value of H when 
the excitement is infinitely great. If S is given, then 7’ is 
the diacritical current, and the expression becomes 


which is true for every electromagnet excited by a single 
current. Two observations made on any electromagnet will 
determine the two constants Y and i’. Further, if r be the 
resistance of the magnetizing coil, since ir=e (the potential 
requisite to send the current through the coil), we may 
obviously write the equation 
eta Tey +e? 

where ¢’ is the diacritical difference of potential, namely that 
difference of potential which, applied to the coil of resistance 
7 and of S convolutions, will half-saturate the core. 

' he extreme convenience of this form of the law of the 
electromagnet must be at once apparent, since it enables the 
equation of a given magnet to be instantly adapted to the case 
of any given current or potential, and is equally applicable to 
express either the intensity of the field or the magnetic moment 
of the magnet. To put the matter in a more general way, let 
ap represent current, or potential, or ampere-turns, and let y’ 
be the diacritical value of the same for the given magnet ; let 
¢ be the intensity of the field, or the strength of the pole, or 
the magnetic moment, or the integral of the magnetic induc- 
tion, and ® its maximum value; then 


ae Aa 
This being the general equation of the electromagnet, it 


remains to be shown how excessively simple become the 
equations of the various kinds of dynamo. 
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3. Equations of the Series-wound Dynamo. 

If A is the “equivalent area” of the coils of the armature, 
and H the average strength of the field in which it turns, the 
number of lines of force cut in each quadrant is AH ; hence 
the average electromotive force at the speed is 


Pe dels. o<,. ginaeth cee) 
But } 


and, writing B=4AY, and remembering that, if 2R be the 
sum of the resistances in the circuit, E/>R=i (by Ohm’s 
law), we get 

), We g sheep 

i =R le 
But Y being the maximum value of H, it is obvious that nB 
is the maximum value that E could possibly have (at that 
speed) even if the magnets were separately excited to satura- 
tion. Hence nB/2R is the maximum value that 7 could have 
if the magnets were thus separately saturated and the arma- 
ture, driven at speed m, were in a circuit the total resistance 
of which was equal to 2R. Adopting Frdlich’s notation here, 
we will write as 7 this current; and as it is important to 
distinguish the current generated under such conditions, I 
propose to call it the “maximal” current*. The equation of 
the series dynamo now becomes 
ft hOLAY ER 

or, multiplying each term by =R, 

HaHa os he cates ee 
where E is the “maximal” value of E at that speed with 
saturated magnets. . And, again, writing e for the differ- 
ence of potentials at the terminals of the machine, since e, 
multiplied by the external resistance R=i under all circum- 
stances, we have 

ro ot ee a ce ee 

* The maximal current must not be confused with the maximum cur- 
rent, The latter would be obtained by rotating the armature in the 
saturated field at a very high speed in a circuit of resistance so small that 
the current did just not fuse the conductors. The maaimal current is that 


obtained at speed m in circuit of resistance 2R when the magnets are 
separately excited to saturation. * 
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It appears, then, that in the case of the series-wound 
dynamo, each of the single electrical quantities is equal to the 
difference between the “ maximal”’ value which that quantity 
could have at that speed if the field-magnet were separately 
saturated and the “diacritical” value of the same quantity. 
This important result was announced by Frilich* in 1885. 

Tt may be remarked that, since we may write 


E 
H = Y B+E” 
we may deduce from (1) the result 
H=nB—-LP’, 


and from this derive equation (3). 

It may. be noted, in passing, that B is the electromotive 
forces that would be generated in the armature at speed = 1 
if the field-magnets were separately excited to absolute satu- 
ration. ‘It is the maximal value of E at unit speed. 


4, Expressions for the “Dead Turns.” 

It is known that in every dynamo the current (with a given 
resistance) is not proportional to the speed, but is proportional 
to the speed less a certain number of revolutions per second. 
This latter number is known familiarly as the “dead turns.” 
It is also known that (with given resistance) there is a certain 
speed below which the dynamo does not excite itself. This 
least speed of excitement (with g given resistance) is the same 
as the “dead turns.” It is called by some the “ critical” 
speed ; though that name is preferably reserved for the speed 
that is critical for self-regulation, and which is (unlike the 
least speed of excitation) independent of the resistance. 

We can find an expression for the dead turns as follows :— 

Taking the expression for the current, 


ia 

= ER Ki) 
equate it to zero; the current of the machine (series-wound) 
being nil when n is reduced sufficiently to n’ (= the dead 


turns) ; then 


esr 
* Elektrotechnische Zeitschrift, vi, p. 1383, March 1885, 
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and ¢ 
a is San ae 
It appears, then, that the dead turns are proportional to the 
diacritical current and to the resistance; and inversely pro- 
portional to A and Y, the factors of B. It will be noted that 
VIR=E’, the diacritical electromotive force. 

Again, we have found 

E=nB—L’ ; 

and as H’/=7/B, it follows that 

: B=M=n)Bi i. «cee 2) AO) 

This result is interesting in itself, and might have been used 
as a starting-point for the equations of the dynamo, inasmuch 
as it is readily found by experiment as a fundamental relation 
between speed and electromotive force. Following the ana- 
logy and the nomenclature adopted, we may regard n’ (the dead. 
turns) as the diacritical speed. In other words, it is that speed 
at which, with magnets separately excited to saturation, the 
induced electromotive force will be diacritical, and will, with 
the given resistances >R, give the diacritical current. This 
equation (6) gives by far the best method of determining the 
important constant B. Two experiments to observe a pair of 
values of E and 7 will suffice to determine both n’/ and B. 


n= 


5. Equations of the Shunt Dynamo. 

Here we use 7, and 7, for the resistance and current of the 
shunt-coil, and 7, and 7, for those of the armature. We may 
then calculate the potential at terminals as follows. Writing 
R for the resistance of the whole system of machine and 
its circuits, as measured from brush to brush*, 


E>e+7gig=e a =4nAH, 


whence 


* See my ‘ Dynamoelectric Machinery,’ second edition, p. 298. 
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is the same thing as the “maximal” value of e 


But 


which the machine would give, if the magnets were sepa: 
rately saturated, when working at the speed n through resist- 
ances as given; it may ther afore be written as e. 
Wipenea! es 

CORO ee eh og - (8) 
From which we get at once also for the shunt-curr ont 

tg=t —t,'s mite id Ao tae eNO) 
and for the main-circuit current, 


PSP EPS 5 AGO) 


6. General Equation of the Self-exciting Dynamo. 

Let y be any one of the currents or potentials of the 
dynamo, ¥ its “maximal” value, that is to say the value it 
has when the magnet is separately saturated, and w’ its 
“ diacritical value.” 


v=s(n, A, Y,[R]) ; 
and, by the very nature of the case, whatever the form of the 


function f, 

v=/(n, A, H, [R]); 
and ' 

H=Y —*— a paw : 
whence 


aah 
Vad Fey 
ee ee pricey Stace WL D) 


which is the general equation of the self-exciting dynamo. 

It may here be pointed out that the two terms on the right- 
hand side of this equation—the “ maximal” and “ diacritical ” 
values of the quantity on the left—possess certain properties. 
In a given dynamo the “‘ diacritical”’ term is a constant, whilst 
the “maximal” term is a variable which increases with the 
speed of driving. The maximal term when representing a 
current varies also with changes of resistance, in an inverse 
way, but differently in shunt dynamos from series dynamos : 
when it represents an electromotive force it does not vary 

VOL, VIII. H 


and, finally, 
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with changes of resistance. A year ago Dr. Frilich sought 
to divide the equation of the dynamo into two parits—an 
armature part and a field-magnet part. This does not quite 
correspond to the case. The “ diacritical” term appertains to 
field-magnet primarily ; but since the number of ampere- 
turns of current that will produce a half-saturated magnetic 
field depends also on the quantity and quality of the iron in the 
machine, it is impossible to regard it as independent of the iron 
masses of the armature. The “ maximal” term is proportional 
both to A, the total effective area of the armature-coils, and to 
Y, the maximum value of the magnetic field. The “diacritical” 
term for currents is lowered by increase in the number of 
magnetizing coils, and for potentials is raised by increase in 
the resistance of the magnetizing coils. The “maximal” 
term is not altered by altering the magnetizing coils, but 
increases with an increase in the number of coils of the arma- 
ture, and, for currents, decreases with increasing resistance. 
If the iron parts of a dynamo be given of a certain form, size, 
and quality, then it may in general be said that wy’ depends 
only on the windings (and, for currents, on the resistance) of 
the field-magnet, and yy depends only on the windings of the 
armature (and, for currents, on its resistance) and not upon 
the windings of the field-magnet, or-on their resistance except 
(and this only for currents) so far as their resistance contri- 
butes to the resistance of the whole circuit through which the 
cutrent generated in the armature flows. 


7. Conditions of Self-regulation for Compound-wound 
Dynamos. 

In this case we write the formula of the. electromagnet in 
terms of the ampere-turns ; Sz, for the excitation due to the 
coils in the armature part of the circuit, Zz, for that due to 
the shunt, and ¢’ as the diacritical number of ampere-turns. 
Then, writing 


E=4nAH ; 
e =H—(r.4+%m)te$ 
Zi, + Sia Li,+ St, 


YE=77 Saw ae = Y——— $ , by equation (11) ante; 
B=4AY ; 
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we have 
ef’ =71,Z(nB—e) +7, {8(nB)—e) —(rat+rm) bt. . (12) 
The condition sought is to be such as to make e constant. 
Now ¢’ is a constant, so is ¢, if ¢ is, and m may be made con- 
stant at any value we please. Hence, as 7, is a variable, the 
' condition of constancy can only be attained by giving the 
dynamo such a speed 7, that the coefficient of ¢, shall be zero, 
or that 
S(m,B—e)=(rittm)> . . . . (18) 


But ¢, the maximal number of ampere-turns, is not itself a con- 
stant, since it contains as one of the three terms in its sum the 
quantity Sz,. - Hence we gather that absolute self-regulation 
is physically impossible; and it approaches to perfection as 
Zi,+’ are great as compared with Sz,. In other words, 
there must be so much iron in the machine that the diacritica l 
excitement is very great, and it must have a small armature- 
resistance ; otherwise S (and Sz,) cannot be small as compared 
with Z(and Zz,). This is known already to electric engineers. 
Assuming that the dynamo is well designed in these respects, 
¢ will be very nearly constant, and the equation of condition 
may be accepted as adequately true. This leaves equation (12) 
in the form 

ep’ =1,Z(n,B—e), 

oe 


= 24,B —é, 
Us 


7 ¢’ =n, B—e. 
Putting in this value of »,B—e into equation (13), we have 


Gate Ge 


Now ¢’ may be written either as Sz,’ or as Zi’, and @ may 
be written either as Sz, or as Z7,. Choosing the second form 
in the first case and the first form in the second case, we may 


obtain 


ts ey = (1a te Tm) Ua 5 


CBee tee (15) 
H 2 


or, finally, 
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or, the diacritical value of the potential at terminals for the 

shunt-wound part of the circuit must be equal to the maximal 

value of the potential at terminals for the armature and series- 

wound part. The equation (14) also gives 
Z Ts p 


S — rattm - db 5) e e (16) 
which is more correct than the formula usually given hitherto 
for the ratio of the shunt- and series-windings, and which 
assumes absence of saturation terms. 

The simplicity of these results, no less than that of the pro- 
cesses by which they are derived, lends additional value to the 
new formula of Dr. ‘Frélich, whose work deserves to be more 
widely known and recognized than it now is. 


City and Guilds of London Technical College, 
Finsbury, June 1886. 


XV. The Expansion of Mercury between 0° C. and —39°C. By 
Professors W.E. Ayrton, F.R.S., and JoHN Perry, F.R.S.* 


AT a meeting of the Physical Society in November 1885, 
Mr. G. Whipple gave the Society the results of the ex- 
amination of thermometers down to the melting-point of mer- 
cury. There was, however, no evidence as to whether the 
contraction of the mercury was uniform, as the thermometers 
were only compared with mercurial ones, and as, in addition, 
we were not able to find the results of any experiments made 
on the expansion of mercury between 0° and —39° C., its 
temperature of solidification, we thought it desirable to make 
a series of comparisons of a mercury-thermometer, the stem of 
which had been accurately subdivided into equal volumes, with 
an air-thermometer, both immersed in a bath of frozen mer- 
cury which was allowed to gradually become warm. For 
this purpose. we borrowed a mercury-thermometer from Mr. 
Whipple, which he was so kind as to lend us, and one of our 
assistants (Mr. Mather) constructed a very simple form of 
constant-volume air-thermometer, shown in the diagram. 


* Read March 27, 1886. 
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BB is a wooden box, at the bottom of which is a hole closed 
by a@india-rubber stopper through which passes tightly the 
glass stem of an air-thermometer, A.A. The bottom of the 
air-thermometer is attached by a piece of india-rubber tubing, 
II, to a vertical glass tube, TT; and the thermometer being 
filled with dry air, some mercury is introduced into the tube 
so as to stand at about the same height in the two limbs 
when the air in the bulb 6 is at atmospheric pressure. The 


height of the level of the mercury can be varied by turning 
the nut, N, which causes the clamp, C, turning on the hinge H, 
to squeeze the india-rubber tube more or less tightly, and so 
to alter its internal capacity ; and in this way the level of the 
mercury in the left-hand tube can be kept quite fixed, and 
therefore the volume of air in the bulb 6 quite constant, while 
its temperature is altered, the corresponding pressure being of 
course measured by the difference between the levels of the 
mercury columns in the two limbs. 
To perform the experiment, the box B B was first filled with 
mercury and frozen by stirring carbonic-acid snow and ether 
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up with it; and when sufficient of the mercury was frozen, 
the bulb of the mercurial thermometer, ¢t, was introducegl into 
the pasty mercury, and the thermometer fixed in position by | 
means of the clamp, CO’. The nut N was now turned by one 
observer until the level of the mercury in the left-hand limb 
came opposite a sized mark on the tube which is only just 
below the bottom of the box, when the height of the mercury 
in the right-hand tube was read by a cathetometer made by 
the Cambridge Instrument Company, and the position of the 
mercury in the mercury-thermometer was read by a third 
observer. In this way several series of simultaneous observa- 
tions were taken, during the course of some weeks, of the 
pressure to which the air in the air-thermometer had to be 
subjected to keep its'volume constant, as the mercury in the 
box BB varied in temperature from about — 39°C. to0°C. 
Plotting these results, it was found that they lay in so nearly 
a straight line that we may conclude that mercury expands 
regularly below 0° C. as it is known to do above 0° C.; and 
that there is no critical point for mercury, as there is for water, 
above the freezing-point. 

When the mercury freezes it contracts still further, as may 
be seen from the following extract from page 6 of the second 
volume of Nordenskidld’s ‘ Voyage of the Vega, which Mr. 
Whipple has kindly looked up for us :— 

“When mercury freezes in a common thermometer, it con- 
tracts so much that the column of mercury suddenly sinks in 
the tube, or, if it is short, goes wholly into the ball. The 
position of the column is therefore no measure of the actual 
degree of cold when the freezing takes place.” 

We have to express our thanks to Messrs. Chatterton, 
Humphrey, and Martin, three of the students of the Central 


Institution, for assistance rendered in the carrying out of this 
experiment. 


XVI. On the Expansion produced by Amalgamation. By Pro- 
fessors W.H. Ayrton, F.R.S., and Joun Perry, F.R.S.* 


On amalgamating the edge of a brass bar, nearly three 
quarters of an inch thick and about a foot long, for the 
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purpose of enabling the edge to make good electric contact 
with a plate, we were surprised to find that the bar rapidly 
curved, the amalgamated edge becoming convex, exactly as 
happens when. one side of a piece of paper is wetted. On 
hammering the bar to straighten it, the curvature became 
instead greater. Seeing that to bend a short brass bar more 
than half an inch in thickness to the extent produced by the 
amalgamation of the edge requires the exertion of very con- 
siderable stresses, it follows that very great forces must be. 
produced by amalgamation. 

We think it possible that this bending by amalgamation 

may be an important cause in the production of the Japanese 
“magic mirrors,” the reflecting surface of which is polished 
with a mercury amalgam. Japanese mirrors are made of 
bronze and have a raised pattern cast on their backs ; and 
although the eye can detect no trace of the pattern on looking 
at the polished reflecting surface, yet when certain of these 
mirrors are used to reflect a divergent beam on to a screen, 
the pattern at the back can be seen as a bright image on a 
dark ground. Ina paper communicated, some years ago, to 
the Royal Society, we showed that this peculiar effect arose 
from the fact that, while the reflecting surface was generally 
convex, the portions corresponding with the pattern or thicker 
parts were less convex (that is, more concave) than the rest ; 
and this conclusion we verified by finding that when a conver- 
gent, instead of a divergent, beam of light was allowed to fall 
on the mirror the image on the screen was reversed ; that is, 
the pattern was seen as a dark image on a bright ground. 

This inequality of curvature we considered at that time was 
due partly to the pressure of the “distorting-rod” used to 
make the surface convex, and partly to the pressure exercised 
on the subsequent polishing ; but we now think that, in ad- 
dition, the action of the mercury-amalgam employed by the 
polisher may assist in making the thin portions of the mirror 
more concave than the thicker. 
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XVII. On certain Sources of Error in Connection with Expe- 
riments on Torsional Vibrations. By HERBERT TOMLINSON 
B.A.* 


Introduction. 


Durine a long series of researches on the torsional elasticity 
and internal friction of metals, I have come across certain 
sources of error in connection with torsional vibrations gene- 
rally, which I venture to bring before the notice of the 
Physical Society in the hope that by so doing I may 
perchance save others who may pursue similar investigations 
from the pitfalls into which I have fallen, and from which I 
have managed to extricate myself only after a considerable 
expenditure of time and labour. 

In my earlier experiments a wire about 600 centims. in 
length and 1 millim. in diameter was suspended vertically, 
having its upper extremity clamped to a rigid support and its 
lower one clamped or soldered to the centre of a horizontal 
bar of brass, from which were suspended, by threads or fine 
wires, two cylinders of equal dimensions and mass, and placed 
at equal distances from the wire. The torsional oscillations 
of the wire were observed by means of the usual arrangement 
of mirror, scale, and lamp, the main object of the inquiry 
being to determine as accurately as possible the logarithmic 
decrement of the amplitude of swing and the vibration-period. 
After one set of observations had been completed, the moment 
of inertia was altered by sliding the cylinders along the bar 
further away from or nearer to the wire, so that the latter 
might now vibrate in a different period. If ¢ be the period of 
vibration, & the moment of inertia, and / the torsional couple, 


The moment of inertia of the bar together with that of 
the suspended cylinders could be calculated with very fair 
accuracy; the value of ¢ was also calculated to a nicety; so 
that it was reasonable to expect that the values of f obtained 
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with different moments of inertia should be very fairly in 
accordance with each other. For some time this proved to 
be the case, and several wires of different metals had already 
been examined when a curious phenomenon presented itself. 
A change of moment of inertia bad just been made, and the 
wire was then set in torsional oscillation; but instead of 
the amplitude of swing diminishing by slow degrees as in the 
previous experiments, the spot of light was seen to make five 
or six oscillations of very rapidly diminishing amplitude, and 
finally come nearly to rest. Soon, however, the amplitude 
began to increase until in a few vibrations it extended over 
some two hundred divisions of the scale, when once more 
diminution and, finally, rest nearly ensued. I will not trouble 
the Society with my conjectures at the time as to the cause 
of the phenomenon ; sufiice it that at length I discovered, what 
perhaps I ought to have discovered at once, that the, at first 
sight, startling apparition was due to a very natural cause, 
namely, the rotation to and fro of the cylinders about their 
axes, and that the rapid absorption of energy was owing to 
the fact that the torsional vibration-period of the wire nearly 
synchronized with the vibration-period of the cylinders about 
their axes. I need hardly say that after this discovery I con- 
sidered it necessary to re-try all my previous experiments with 
improved arrangements. With more perfect apparatus, in 
which the cylinders were clamped to the bar so as to be in- 
capable‘of motion independently of the latter, I was glad to 
find the main conclusions which I had previously drawn re- 
specting internal friction confirmed. On one occasion, how- 
ever, by what afterwards turned out to be the merest chance 
in the world, the old phenomenon appeared with all its curious 
concomitants, and beats were very plainly discernible between 
two sets of vibrations which nearly synchronized. These two 
sets of vibrations I set to work to disentangle in a manner 
kindly suggested to me by Prof. G. G. Stokes, with whom I 
had some correspondence on the subject. Suppose that in 
one or more beat-intervals the slower vibration is dominant”, 
and afterwards the quicker. If the amplitudes cross during 
a beat-interval, that one is to be deemed dominant which is 
dominant about the time of lull. Suppose there are m beat- 


* By dominant vibration is meant the vibration of greater amplitude. 
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intervals in which the slower is dominant, followed by x in \f 


which the quicker is dominant, and let N be the total number 


of vibrations counted*. Then the number of vibrations of | 


the two component kinds will be :— 


For the slower, N—2n, 
For the quicker, N+2m._ 


In this way I managed without any difficulty.to find that 
one of the two vibration-periods was nearly a constant what- 
ever the moment of inertia; whilst the other, that due to the 
torsional elasticity of the wire, increased as the square root of 
the moment of inertia. At first 1 felt very strongly inclined 
to believe that the former of the two vibration-periods per- 
tained to some molecular state of the wire; and I was espe- 


cially deceived by the fact that always after rest the pheno-. 


menon became less marked, and, finally, almost vanished, 
easily, however, to be reproduced in all its former intensity by 
the slightest shock given to the wire, or by raising or lowering 
the temperature slightly. The wire was of iron, and my pre- 
vious experience of the effect of rest on the molecular dispo- 
sition of this metal led me to draw the above-mentioned conclu- 
sion. Had I not been thus deceived, I might more quickly 
have arrived at the solution of the problem; but as it was 
four weeks were spent in endeavouring to find the effect of 
change of temperature, change of load, and change of mode 
of attaching the cylinders, until I discovered that the pheno- 
menon was simply caused by approach to synchronism between 
the periods of torsional and pendulous vibrations of the wire. 
Of course, if the axis of the wire passed accurately through 
the centre of mass of the vibrator, the phenomenon would not 
occur, but it is impossible quite to secure this; and as a con- 
sequence so-called centrifugal force on the one hand, and the 
force of gravity on the other, set up pendulous vibrations 
which may seriously interfere with the vibration-period due 
to the torsional elasticity, and still more so with the loga- 
rithmic decrement of arc. a 
Having thus discovered two enemies in ambush, I thought 
that the ground was now clear, at least as far as any danger 


* For accuracy, the counting should begin and end with a maximum. 
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from synchronism was concerned ; but in this I was mistaken: 
for happening to pursue my investigations still further with 
comparatively light loads and small moments of inertia, I at 
length became acquainted with a third source of error arising 
from approach to synchronism between the torsional and 
transverse vibrations of the wire. It is, I believe, quite im-— 
possible to excite torsional vibrations without at the same 
time exciting transverse ones; and should synchronism nearly 
occur between the periods of these vibrations, we may have 
beats quite as strongly marked as in the two cases before 
mentioned. 

There is yet another source of error to which it is desirable 
to draw attention. When a wire has been recently suspended, 
the torsional vibration-period will always be found slightly 
greater than when it has been suspended for some time and 
frequently set in vibration. The length of time which must 
elapse before a wire has reached its state of maximum torsional 
elasticity depends upon the nature of the metal ; with copper, 
for instance, a few hours will suffice, whilst iron may require at 
least a couple of days. Now suppose that this state of maxi- 
mum elasticity has been reached: if we wish to preserve 
it, care must be taken not to jar the wire or to subject it toa 
change of temperature of even two or three degrees Centi- 
grade; for in either case the elasticity will be slightly di- 
minished, and a few hundred vibrations will be required to 
restore it to its former condition. Since it is very difficult to 
avoid such slight changes of temperature as those mentioned 
above, it is always advisable after any rest to cause the 
wire to vibrate a few hundred times before beginning fresh 
observations. : 


Determinations of Torsional Electricity. 
It is evident, from what has gone before, that when the 
- cylinders are suspended from the bar by threads, the torsional 
elasticity, as inferred from the vibration-period, may be seriously 
affected should the torsional vibration-period of the wire 
approach to synchronism with the vibration-period of the 
cylinders about their axes ;' and to such an extent did I find 
this to be the case, that the values of the torsional couple for 
the same wire, as calculated from the previously given formula, 
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differed from each other by 10 per cent. or more when the 
moment of inertia was varied. 

The effect of synchronism between the torsional vibrations 
of the wire and the pendulous vibrations is not likely, if proper 
care be taken in the constraction and disposition of the bar 
and its appendages, to be great; but it may nevertheless be 
very sensible. 

Synchronism between the torsional and transverse vibra- 
tion-periods is not likely to occur except in extreme cases 5 
but it must be remembered that the torsional vibration-periods 
may be affected by synchronism between them and multiples 
of the transverse vibration-period, though of course not to 
the same extent as when the fundamental transverse vibration- 
period equals the torsional vibration-period. A similar remark 
to the above would also apply to the other two cases of 
synchronism. 


Determinations of Magnetic Moments. 
_ It is evident that determinations of magnetic moments by 
the method of oscillations may be similarly affected by the 


same causes as we have seen would affect determinations of 
the torsional elasticity. 


Damping of Magnets. 
Still greater error may be introduced from the above ‘causes 
in experiments on the damping of vibrating magnets ; for 


the logarithmic decrement is much more seriously affected 
than the vibration-period. 


Determinations of Moments of Inertia. 


When it is impossible to determine the moment of inertia 
of a body by measurement of its dimensions and mass, it is 
usual to find the time of oscillation, and afterwards to redeter- 
mine this time when the moment of inertia has been altered 
to a known extent. 

If ¢ and ¢' be the two times of oscillation, K the required 
moment of inertia, and & the known change of moment of 
inertia, 


K=k e 
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Now a small error in the determination of either ¢ or ¢’ pro- 
duces a comparatively large error in the value of K; and itis 
therefore of considerable importance here that there should be 
no approach to the previously mentioned synchronismns. It 
is important also here to notice the fourth source of error 
which has been mentioned ; for it is very difficult to change 
the moment of inertia without imparting some shock to the wire. 


XVIII. On the Distinction between Spectral Lines of Solar and 
Terrestrial Origin. By Prof. M. A. Cornu*. 
[Plate II. ] 


FRAUNHOFER, when he discovered the dark lines with which 
the solar spectrum is crossed, gave them names in order to 
facilitate description ; the principal lines were designated 
by the letters A, B,... H in such a way as to separate approxi- 
maiely the seven principal colours of the spectrum. The 
subsequent observations of Brewster, Dr. Gladstone, and 
M. Janssen proved that, notwithstanding the symmetry of 
denomination and the identity of appearance, these dark lines 
belonged to two distinct classes. Indeed, the one preserves 
always the same aspect, while the other becomes broader and 
darker as the sun approaches the horizon. 

The first, most of which have been identified with the bright 
lines due to metallic vapours (iron, magnesium, calcium, 
nickel, &c.), have been attributed, since the researches of 
Prof. Kirchhoff, to the absorption produced by metallic sub- 
stances in a state of vapour on the surface of the sun. The 
other, in consequence of their intensity varying with the 
thickness of the atmosphere traversed by the sun’s rays, are 
explained by the selective absorption due to the cold gases or 
vapours of the earth’s atmosphere. We ought then to distin- 
guish the solar from the telluric lines. 

Thus, of the eight principal Fraunhofer-lines, six are cha- 
racteristic of metallic elements and are of solar origin (C and 
F, hydrogen; D, sodium; H, G, iron; H, calcium) ; the 
other two (A and B) are telluric. 

Fraunhofer had besides distinguished two complex groups, 
namely a band a, very broad, in the extreme red, and a well- 
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marked triple line, d, in the green; 6 is solar (magnesium), 
and a of terrestrial origin (fig. 1). Brewster, on discovering 
Fig. 1. 


Solar spectrum, with principal lines marked. 
new bands of variable intensity in the spectrum, added new 
designations; it is sufficient here to mention the band « 
situated in the orange, and the ,band 6 inthe yellow. These 
symbols have been adopted by Angstrom (Spectre normal du 
Soleil). 

Up to the present time it has been considered a difficult, 
and in any case a troublesome, matter to distinguish between 
these two kinds of lines. It was necessary, in fact, to observe 
the solar spectrum at two very different altitudes of the sun, 
under various meteorological conditions, to be able to affirm 
that the spectrum-lines do or do not change in intensity with 
the thickness of the atmosphere or the quantity of water- 
vapour traversed by the solar rays. 

The improvement of spectroscopes, in respect of thé sharp- 
ness and especially of the dispersion of the lines, has allowed 
me to arrive at a method which renders the distinction between 
the two kinds of rays in a certain sense intuitive. 

This method is founded on a principle due to M. Fizeau*— 
the principle of the displacement of the spectral lines of the 
light emitted by a source which is in absolute or relative 
motion. We easily obtain the expression for the apparent 
wave-length X’ of a radiation from a point in motion with a 
relative velocity v, the true wave-length being A, viz. :— 


pk uae: 


This principle may be applied directly to the light emitted by 
the solar disk at the two extremities of an equatorial diameter. 


* Bulletin de la Société Philomathque, décembre 1848; and Ann. de 
Chim. et de Phys. 4 série, t, xix. p. 211. 
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The absolute velocity v of a point on the solar equator is 
very sensibly 2 kilometres per second, that of the velocity of 
light, V, 300,000 kilometres per second. Hence we shall have | 
a variation of wave-length equal to 

2 r 
300,000 — + 150,000” 

+ or — ‘according as we take the same radiation at the eastern 
or western end of the solar equator. 

If we wish to know numerically the ebaitade of the dis- 
placement of a spectral line corresponding to this variation of 
wave-length, it is sufficient to substitute for A the numerical 
value which defines the region which we wish to observe. 
Consider, for example, the two D lines (A; =588°40, Xy=588'89). 
The displacement of a line having X=589 will be 


AXN=+AX 


If we wish to compare this displacement with the distance 
between the two D lines (i. e. with X,—,=0°49), we shall 
have as the relative displacement, 


EG DN SETH OBIE Talia his. 
Ny—my ~~ 49x 150,000 124°8 
: 5 oy: 1 
The double displacement will therefore be Tare ora 


the distance between the two D lines. 

This total displacement, small as it is,.is perfectly appre- 
ciable with spectroscopes of very high dispersion, such as the _ 
prism-spectroscope of M. Thollon, and the instruments with 
diffraction-gratings constructed by Prof. Rowlend: of the 
University of Baltimore. 

With the magnificent grating presented by Prof, Rowland 
to the Ecole Polytechnique, the double displacement may 
become sensible almost with all the points of the solar contour ; 
that is to say, even with those which are far from giving the 
maximum separation. 

The experimental method consists in causing the images of 
the two extremities of the solar equator to fall alternately on 
the slit of the spectroscope. For this purpose the solar beam 
is received on a condensing-lens, which produces in the plane 
of the slit a sharp image of the solar disk. The substitution 
of one of the extremities for the other produces the double 
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displacement of the solar radiations, while it has no influence |f 
upon the position of the absorption-lines of the atmosphere. 


The analysis of the optical conditions shows that perfect J 


sharpness of the displacement can only be obtained when three 
experimental conditions are fulfilled :— 

1. The spectral images at the focus of the telescope of the 
spectroscope must be aplanatic ; that is, such that the vertical 
lines (spectral lines) and the horizontal lines (due to the. im- 
perfections of the slit) are equally sharp in the same plane. 

2. This plane must coincide accurately with that of the 
cross wires. 

3. The focal image of the solar disk must be exactly in the 
plane of the slit of the collimator. 

The omission of any one of these adjustments would involve 
an abnormal displacement of the lines consequent upon a dis- 
placement of the collecting-lens. On the other hand, when 
all these adjustments have been made the dark lines of terres- 
trial origin are perfectly fixed, while those of solar origin 
move with extreme sharpness. 

If we take as a fixed mark a dust particle on one of the cross 
wires, such as are always to be found on wires, we are able 
to distinguish immediately, at a glance, solar from telluric rays. 

Finally, I may add that the displacement becomes still 
more sensible when the substitution of one solar edge for the 
other is effected rhythmically. This is done by causing the 
collecting-lens to oscillate two or three times per second *. 


* The following (see fig. 2) is the arrangement employed :—The col- 
lecting-lens C is carried by a socket S S' which rests on the table U U’ of 
Fig. 2. 
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the spectroscope by two points P (one lies behind the other in the figure), 
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The eye then becomes sensitive to the least oscillation of the 
lines. 

The distinguishing of the lines becomes then entirely 
intuitive. We observe each spectral line, and the result is 
such as would be produced by shaking it. If it remains im- 
movable, it is a telluric line ; if it oscillates, it is a solar line. 

The study of the telluric lines of the solar spectrum becomes 
therefore infinitely easier than heretofore. I have devoted to 
this study the fine days of the last few years, and the results 
have been very fruitful. Amongst the most interesting of the 
observations I may mention :— (1) the anatomy of Angstrém’s 
group « (see Plate II.), in which I have succeeded in 
detecting a group possessing the same constitution as the 
bands A and B, according to the beautiful observation of 
Prof. Langley ; (2) the telluric nature of a certain number 
of lines beyond the band 6; and (3) the solar origin of the 
line 1474 of Kirchhoff: this line is double under strong dis- 
persion, and as it oscillates we may conclude that the vapour 
which absorbs the radiations of which it takes the place is 
carried round by the rotation of the sun *. 


about which it can turn. The optic centre C of the collecting-lens 
describes a small horizontal element, and transmits the same motion to 
the image of the solar disk. The observer produces this motion by the 
aid of the lever L. The pinion H serves to put the collecting-lens exactly 
in focus on the slit. 

* The oscillation of the lines is not the only means of distinguishing 
the two kinds of lines, If (by means of a Wollaston’s double refracting- 
prism) we obtain two images of the solar disk in sucha way that the 
two opposite extremities of the equatorial diameter are tangent and normal 
to the slit (fig. 3), the telluric lines T T’ of the spectra of the two images 


Fig. 3. 


are upon the same line, while the solar lines SS! are dislocated. This 
dislocation is very sharp if the adjustments enumerated above have been 
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lers: a good deal has been written about them, and several 
theories have been proposed to explain the observed pheno- 
mena. In the course of a meteorological tour round the 
world, the author stopped in Ceylon for the express purpose 
of visiting the Peak, and was fortunate enough to see the 
shadow under circumstances which could leave no doubt as to 
the true explanation, and which also entirely disproved certain 
theories which have been propounded on the subject. 

The- following account is taken from a paper by the Rev. 
R. Abbay, many years resident in the island, entitled “ Re- 
markable Atmospheric Phenomena in Ceylon,” which waa 
read before the Physical Society of London, May 27, 1876, 
and published in the Philosophical Magazine for July 1876. 
Writing from descriptions, for he himself had never witnessed 
the appearance, Mr. Abbay says:—At sunrise apparently an 
enormous elongated shadow of the mountain is projected to the 


* Read November 18, 1886. 
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westward, not only over the land but over the sea, to a dis- 
tance of 70 or 80 miles. As the sun rises higher, the shadow 
rapidly approaches the mountain, and appears at the same 
time to rise before the spectator in the form of a gigantic 
pyramid. Distant objects—a hill or a river (or even Colombo 
itself, at a distance of 45 miles)—may be distinctly seen 
through it; so that the shadow is not really a shadow on the 
land, Dut a veil of darkness suspended between the observer 
and the low country. All this time it is rapidly rising and 
approaching, and each instant becoming more distinct, until 
suddenly it seems to fall back on the bpeceai, likea ae 
that has been reared beyond the vertical; and the next instant 
the appearance is gone. For this the following explanation 
is proposed :—The average temperature at night in the low 
country during the dry season is between 70° and 80° F., whilst 
that on the summit of the Peak is from 30° to 40°. Conse- 
quently the lower strata of air are much less dense than the 
upper; and an almost horizontal ray of light passing over 
the summit must of necessity be refracted upwards and suffer 
total internal reflection as in the case of an ordinary mirage. 

It will be remarked that Mr. Abbay does not allow for the 
difference of elevation, and the sequel will show that this 
theory cannot be maintained. 

Adam’s Peak is a mountain that rises in an abrupt cone, 
more than 1000 feet above the irregular chain to which it 
belongs; the summit reaches to 7352 feet above the sea. 
On the south side the mountain falls suddenly down to 
Ratnapura, very little above the sea-level; while on the 
north it slopes irregularly to the high valley of the Maskeliya 
district. The peak also lies near an elbow in the main chain 
of mountains, as shown in the diagram of the topography of 
the Peak (fig. 1), while a gorge runs up from the north-east 
just to the west of the mountain. When, then, the north- 
east monsoon blows morning mist up the valley, light wreaths 
of condensed vapour will pass to the west of the Peak and 
eatch the shadow at sunrise only, if other things are suitable. 
The importance of this will appear later on. 

The only difficulty in getting to Adam’s Peak is the want 
of a rest-house within reasonable distance of the summit. 
Fortunately the kindness and hospitality of T. N. Christie, 
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Esq., of St. Andtew’s Plantation, Maskeliya, enabled the 
‘author, in company with Mr. G. Christie and Professor Bower, 
of the University of Glasgow, to make the ascent with great 
comfort and with a. few necessary instruments. Our party 
reached the summit on the night of the 21st February, 1886, 


Fig. 1.—Diagram of the Topography of Adam’s Peak. 


amid rain, mist, and wind. Towards morning the latter 
subsided, but at 5.30 a.m. the sky was covered with a con- 
fused mass of nearly every variety of cloud. Below and 
around us cumulus and mist ; at a higher level, pure stratus ; 
above that, wild cirro-stratus and fleecy cirro-cumulus. 

Soon the foreglow began to brighten the under surface of 
the stratus-cloud with orange ; lightning flickered to the right 
of the rising sun over a dense mass of cloud ; opposite, a 
light pink-purple illumined an irregular layer of condensed 
vapour ; while above, a pale moon with a large ill-defined corona 
round her struggled to break through a softish mass of fleecy 
cloud. Below lay the island of Ceylon, the hills and valleys 

‘presenting the appearance of a raised relief-map ; patches of 
white mist filled the hollows ; true cloud drove at intervals 
across the country, and sometimes masses of mist coming up 
from the valley enveloped us'with condensed vapour, 

At 6 a.m. the thermometer marked 52° F.; we had been 
told that the phenomenon of the shadow depended on the 

K 2 
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temperature at the summit falling to 30° or 40° F.; and 
when, shortly after, the sun rose behind a cloud we had 
almost lost all. hope of seeing anything ; but suddenly at 
6.30 a.m. the sun peeped through a chink in the clouds, and 
we saw the pointed shadow of the Peak lying on the misty 
land, Driving condensed vapour was floating about, and a 
fragment of rainbow-tinted mist appeared near the top of the 
shadow. Soon this fragment grew into a complete prismatic 
circle of about 8° diameter by estimation, with the red 
outside, formed round the summit of the Peak as a centre. - 
The author instantly saw that with this bow there ought to 
be spectral figures, so he waved his arms about and immedi- 
ately found shadowy arms moving in the centre of the rain- 
bow. Two dark rays shot upwards and outwards on either side 


Fig. 2.—Diagram of rainbow round the shadow. 
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of the centre, as shown in the diagram fig. 2, and appeared 
to be nearly in a prolongation of the lines of the slope of the 
Peak below. The centre of the bow appeared to be just 
below the point of the shadow, not on it; because we were 
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standing on a platform below a pointed shrine, and the sub- 
jective bow centred from our own eyes. If we did not stand 
fairly out in the sun, only a portion of the bow could ‘be 
seen. Three times, within a quarter of an hour, this appearance 
was repeated as mist drove up in proper quantities, and fitful 
glimpses of the sun gave sufficient light to throw a shadow 
and form a bow. In every case the shadow and bow were 
seen in front of Jand and never against the sky. The last 
time, when the sun was pretty high, we saw the characteristic 
peculiarity of the shadow. Asa thin wreath of condensed 
vapour came up from the valley at a proper height, a bow 
formed round the shadow, while both seemed to stand up in 
front of us, and then the shadow fell down on to the land, 
and the bow vanished as the mist passed on. 

Here, then, was an unequivocal explanation of the whole 
phenomenon. The apparent upstanding of the shadow was 
simply the effect of passing mist which caught the darkness 
of the Peak at a higher level than the earth, for when the 
condensed vapour moved on, the characteristic bow disappeared 
and the shadow fell to its natural plane on the ground. 
When the mist was low, as on the two first occasions, the 
shadow fell on the top as it were, and there was no appearance 
of lifting, only the formation of a bow. 

The well-known theory of the bow is that light diffracted 
in its passage between small water-globules forms a series of 
bows according to the size of the globules, their closeness, 
and the intensity of the illumination. Had the mist been so 
fine and thin as merely to catch and raise the shadow, but 
not to form a bow, there might have been some doubt as to 
the origin of the appearance. Our fortune was in the un- 
settled weather, which made the mist so coarse and close that 
the unequivocal bow left no doubt as the true nature of the 
cause. ; , 

About an hour later the sun again shone out, but much - 
higher and stronger than before, and then we saw a brighter 
and sharper shadow of the Peak, this time encircled by a 
double bow. Our own spectral arms were again visible, but 
the shadow was now so much nearer the base of the Peak, 
and we had to look so much down on it, that there was no 
illusion of standing up, and there were no dark diverging 
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rays. The inner bow was the one we had seen before; the 
outer and fainter one was due to stronger light. 

The bows were all so feeble and the time so short, that the 
author did not succeed in obtaining any sextant measure- 
ments of the diameters of the bows ; but his thermometric 
observations conclusively disprove any idea of mirage. At 
6 a.m. the thermometer on the Peak marked 52° F., while at 
Colombo the temperature stood at 74°85. The difference of 
22°-85 is just about the normal difference in temperature due 
to a height of 7352 feet. 

The Colombo figures were ‘procured through the courtesy 
of the Surveyor-General for Ceylon. They are got as fol- 
lows :—Colombo observations only give the minimum that 
morning as 73°°6 F., and the 7 a.m. reading as 75°°5. The 
mean curve of diurnal temperature for the month of February, 
as determined by the Office, gives a difference of 0°65 
between the 6 a.m. and 7 A.M. observations; and by subtract- 
ing that correction from 75°5 we get 74°85 as the 6 A.M. 
reading. 

The questions have been frequently asked—Why this lifted 
shadow should be peculiar to Adam’s Peak? ; why a similar 
appearance is not observed from any other mountain-top?; and 
why the shadow is rarely seen at sunset? There are not many 
mountains which are habitually visited that are either over 
7000 feet, or that rise in an isolated, well-defined pyramid. 
Still oe can there be where a steady wind, for months 
together, blows up a valley so as to project the rising morning 
mist at a suitable height and distance on the western side to 
catch the shadow of the peak at sunrise. The shadow is not 
seen during the south-west monsoon, for then the mountain is 
covered with cloud and deserted. Nowhere either do we find 
at sunset those light mists lying near the ground which are so 
characteristic of sunrise, and whose presence is necessary to 
lift the shadow. 

The combination of a high isolated pyramid, a prevailing 
wind, and a valley to direct suitable mist at a proper height 
on the western side of the mountain, is probably only rarely 
met with ; and at present nothing yet has been described that 
exactly soretiula! this sunrise shadow of Adam’ s Peak in the 
green island of Ceylon. 
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But there is another totally different shadow which is some- 
times seen from Adam’s Peak, just before and at the moment 
of sunrise, that has been mixed up in some accounts with the 
shadow we have just described. The shadow of the base of 
the Peak stretches along the land to the horizon, and then the 
shadow of the summit appears to rise up and stand against 
the distant sky. The first part seems to be the natural 
shadow lying on the ground ; and the sky part to be simply 
the ordinary earth shadow of twilight projected so clearly 
against the sky as to show mountainous irregularities of the 
earth’s surface, As the sun rises, the shadow of the summit 
against the sky gradually sinks to the horizon, and then the 
ordinary shadow grows steadily shorter as the sun gets higher 
in the usual manner. This can only be seen at sunrise from 
Adam’s Peak, because the ground to the east is too high and 
mountainous to allow the shadow of the summit to fall on the 
sky before the sun is too far down. 

The author found’a similar effect, only at suaset, on Pike’s 
Peak, Colorado, 14,147 feet above the sea, and nearly double 
the height of Adam’s Peak. There, towards sunset, the 
shadow of the mountain creeps along the level prairie to 
the horizon, and there begins to rise up in the sky till the sun 
has just gone down, and the anticrepuscular shadow rises too 
high to catch the outline of the Peak. The author only 
witnessed a portion of this sequence, for just about the time 
that the shadow stretched to the horizon, clouds obscured the 
sun, and the rise of the shadow could not be observed ; but 
from all the descriptions he heard, there can be no doubt 
that the character of the shadow is identical with that of 
Adam’s Peak, only that, as the order of sequence is reversed, 
it is more easy to follow the origin of the shadows. 

Since the above was written, the author’s attention has 

‘been called to the sketch of the shadow exhibited by the well- 
known traveller Miss C. F. Gordon Cumming, in the Colonial 
Exhibition. This picture represents the shadow lying down, 
but not raised, on an irregular surface of white mist and 
mountain tops. The most interesting thing is a prismatic 
fringe of colour along the straight outside edges of the shadow ; 
but there is no trace of a bow round its point. 

When we consider how much the appearance of the shadow 
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depends on the height, size, and aggregation of the mist, we 
need not be surprised at the numerous phases of reflection and 
refraction that have been described by travellers ; but the | 
general principles which have been laid down in this paper | 
appear to govern all. 


XXI. On the Critical Mean Curvature of Liquid Surfaces of 
Revolution. By A. W. Ricker, M.A., P.R.S.* 


Let a weightless mass of liquid, or a liquid film, be attached 
to two equal circular rings, the planes of which are perpen- 
dicular to the line joining their centres. It will form a 
surface of revolution ; and if it is in stable equilibrium, the 
longest or the shortest diameter will be half way between the 
rings. It is convenient to call this the principal diameter. 
At all points on the surface the sum of the reciprocals of the 
two principal radii of curvature is constant. Half this quan-— 
tity may be called the mean curvature. Maxwell has, in his 
article on Capillary Action (Enc. Brit., 9th edition), given a 
simple proof of the fact that if the film is a cylinder, a slight 
bulge will cause an increase or decrease in the mean curvature 
according as the distance between the rings is less or greater 
than half the circumference of either. If the distance between 
the rings is exactly half the circumference, an infinitely small 
change in the volume will modify the form of the surface, but 
will not alter the mean curvature. Thus the mean curvature 
of a cylinder, the length of which has this particular ratio 
(7/2) to its diameter, is evidently a maximum or minimum 
with respect to that of other surfaces of constant mean curva- 
ture, which pass through the same rings at the same distance 
apart, and which differ but little from the cylindrical form. 
Hence the cylinder may be said to have a critical mean cur- 
vature when the distance between the rings is half their 
circumference. If the distance between the rings is altered, a 
similar property will be possessed by some other surface. It 
is proposed in the present paper to determine the general 
relation between the magnitude and distance of the rings and 
the form of the surfaces of critical curvature. 
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The expression for the change in the mean curvature of a 
film or liquid mass, under the conditions above laid down, has 
been investigated in a paper “On the Relation between the 
Thickness and the Surface-tension of Liquid Films,’ lately 
communicated by Prof. Reinold and myself to the Royal 
Society. It was, however, applied only to the cases which 
were practically realized in the experiments therein described. 
It will be convenient, before discussing it more fully, to 
indicate the manner in which the equation is obtained. 

Beer has shown that if the axis of # be the axis of revolu- 
tion, the equation to a liquid surface of revolution is given by 
the expressions 

2=aB+BF, y?=a«cos?h+6%sin?h; . . (1) 
where F and E are elliptic integrals of the first and second 
kinds respectively, of which the amplitude is o) and the 
modulus «=»/ @ — Ba. 


As usual 


A= / tering, . . 2 os (2) 
whence y=aA ; and if c= sin 8, B=acos 0. 

Since «> 8,aand Bare the maximum and minimum values 
of y respectively : and the above equations implicitly assume 
that the origin lies on a maximum ordinate; for when ¢=0, 
2=0 and y=a. If we wish to transform to a minimum 
ordinate, ¢ is > 7/2, and 

e=a(H—H,)+@(F—-F,), . . . . (la) 


where E, and F, are the complete integrals. 

It may be well, for the sake of clearness, to state that the 
surface is an unduloid or nodoid according as 8 is positive or 
negative, 7. e. according as 7/2 >0> —7/2 or 32/2>0>7/2. 

If 6 be supposed to vary continuously, and if one at least 
of the quantities « and @ is finite, the form of the surface may 
be made to pass through a continuous cycle of changes. 

Thus, between 6=0 and 0=7/2 the surface isan unduloid, 
the limits being the cylinder when 0=0, and the sphere when 
O=7/2. As @ passes through the next quadrant the surface _ 
is a nodoid, the limits being the sphere, and a circle the plane 
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which are the circle and catenoid. Finally, when @ lies be- 
tween 37/2 and 27 the surface is an unduloid, the limits of 
which are the catenoid and the cylinder. 

If now 2X and 2Y are the distance between and diameter 
of the rings respectively, and if ¢, is the value of ¢ when y=Y, 
we have 

X=aHh+6F, Y?=a’ cos? ¢,+ 6’ sin’ dj. 
Hence if a, 8, and ¢, vary, but so that X and Y are unaltered, 
we have, by differentiation, 


{z- ale age a a - 
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and 
2a cos” pda + 28 sin? $58 —(«?—) sin 26:5¢,;=0. . (4) 
But 


sin?d ,, F-—E (sin? x bay: dd 
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Substituting these values in (3) and (4) and eliminating 8d; 
between den we get 


(e?H— BF + a’ A, cot, da +a7(F—E + A, tang, )d8=0, 
or Aéa + BéB=0. ; 


Now the mean curvature of a surface of revolution of mini- 
mum area has been proved by Lindeléf to be the same as 
that of a circle of radius («+ 8). Hence 


s*( + )=— (exay 


A—B 8a A-—B_ 88 


“B'@rah7~ A‘ G+AP 
Hence the mean curvature has in general a critical value 
when A—B=0. 

First confining ourselves to the case in which the prin- 
cipal ordinate is a maximum, and ¢, and @ are less than 
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7/2, it is evident that, since F is always > H, B is always 
positive. 

Also, by (5), 
Lak 2 ={55 sin’ Sh oes 


Kk dk 


2 2 2,2 Sin p Cos py 
ig 3) #H-B r 0K Se ates a i, 
whence, since dF /dx is positive and sin ¢, cos ¢, is positive, 
«’K —8’F is positive, and therefore A is positive also. Further, 
B can only vanish if ¢,=0; and none of the terms in A or B 
become infinite unless ¢;=0 or 7/2, cases which it will be 
seen hereafter it is unnecessary to consider. 


Thus, 
(A—B)/e?=2E —F (1+ cos? 0)+2A, cot 2¢,=0 . (7) 


is a relation which must be satisfied by ¢,; and @ when the 
mean curvature has a critical value for changes in the form 
of the surface which take place, subject to the conditions that 
the radii of the rings and the distance between them are 
constant. 

Corresponding values of }, and @ must be found by trial ; 
but it will now be shown that if such a pair of values is known, 
when 7/2>0@>0, the values of ¢, which are proper to 7—96, 
a +6, and 27 —86 can be readily deduced without further tele 

In the first place it is evident that, since the squares of the 
sine and cosine of @ alone enter into (7), the curve obtained 
by plotting the values of @ as abscissee and those of ¢, as 
ordinates is symmetrical with respect to the ordinate 0=7/2, 
and that the same value of $, corresponds both to 6 and 7—@. 

If, then, we conceive a film attached to two rings, the 
volume and length of which vary continuously in such a way 
that (7) is always satisfied, as the cylinder changes to the 
sphere and thus to a nodoid forms which correspond to the 
same value of sin? @ will have the same value of ¢, also, and 
the lengths will be given by the expression 


Row iid cos Gl) es a. US RR) 


where @ is <7/2 for the unduloid and >7/2, but <a for _ 
the nodoid. 

All these forms will have a maximum diameter half way 
between the rings. If we now proceed to discuss cases 
where the principal ordinate is a minimum, we must all 
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through the previous investigation consider the lower limit of 
the integrals to be 7/2 instead of 0, and ¢; to be >7/2. With 
this convention no change is produced in any of the equations; 
as in equations (5) the quantities which are brought outside 
the sign of integration vanish, both when ¢,=0 and whe 
pi=7/2. 
Thus, writing as usual E, and F, for the complete integrals, 
and taking @q! instead of ¢, as the upper limit of E and F, 
where ¢! is > 7/2, we have 
2(E—E,) —(F—F,) (1+ cos? 4) +2A(¢’) cot 2g’=0. (9) 
Let ¥ be an angle such that 
— FG)=F= FO) 
then, by the addition theorem, 
E(¢') —E, =H() — sin’ @ sin ¢! sin y. 


Also 
tan ¢! tan y= — sec 0, 
sin ¢’= cos W/A(W), 
A(g)A(p) = cos 8, 


and 

1— cos? 6 tan? 

fe ee ee 

la 2 cos 6 tan yr 

Hence, substituting in (9), 
OB) —F(sr)(1+ cos? 0)—2sin? 9 SVs 
WFO ) ee 

cos 8 - 1— cos? @ tan? iG E 
A(r) 2 cos @ tan ; 


2E(~)—F (v)(1+ cos?) +2A(p) cot 2p=0, . (10) 


which is the same as (7). 

We thus conclude that, for every angle y or ¢,. which 
satisfies (7), there is a corresponding angle ¢! which satisfies 
(9) for the same value of x’, and that these angles are con- 
nected by the relation 


tan ¢’ tang;=—sec@. . . . . (11) 
If, then, we determine from (7) the values of $, which cor- 
respond to certain values of @ between 0 and 7/2, we can by 


(11) find the values‘ of ¢’ corresponding to values between 
37/2 and 27; whence, since (7) and (9) depend on the 
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squares of the sine and cosine of 0, the values of ¢ and ¢’ 
between 7/2 and 37/2 are also known. 
Before making any numerical calculations it is convenient 
to discuss (7) more fully. 
Differentiating, we get 
i 20{ — pra Oe Li steel %1 sin? wf ag4F 


__ sin? ¢; cot 24, \ { __ 1+ c0s’8 


in? bo = 
Bethe —4A, cosec? 26, } 34, 4 
1 


which, if we use equations (5) and simplify, becomes 
tan 6{ K—F cos? 0—A, tan $,} 50 + 4A, cosec?24,56,=0. (12) 
Hence 6¢,=0 if @=nz, and if ¢;=n7/2. Also, considering 
the case in which 
E—F cos?9—A,tang;=0, . . . . (18) 
we notice that, if we.subtract (13) from (7), we get 
E—F+A,cot¢?:=0; . . .. . (14) 
and these equations are satisfied if 0=2/2 and ¢,=56° 28’. 
For, if 9=7/2, (13) is true identically, and (14) reduces to 
Jog, tan F + 2) = cosec dy, 
which holds good when ¢,=56° 28’. 
Hence, when 0=7/2, 5q,/56 is of the form « x0, which 
is readily shown to be equal to zero. 
To find the corresponding value of te, bd we have from (11), 


sec? dp; tan $76 ads + sec? ¢’ tan ie a — sin 6 sec? 0; 
and by ivi from for a ¢’ and sec? ¢’, this 
becomes » 4 Oe 
- cos 0 P14 0,2 28 ay = __ sin ue 2g, 


/ 
de 
It must be remembered that @ corresponds to ¢, and that if 
@ corresponds to ¢’, 6 =2r—8, so that d¢’/d’ = —d¢’/dd. 

The question as to whether the critical value is a maximum 
or minimum has not yet been discussed. Since A—B=Uy 


Putting 0=7/2, 
y — tan $d, = — tan 56° 28’. 
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this depends on the sign of He 3; or, if we write a= A/a?, 
b=B/a?, upon that of 4 a “(a— by ; ee a and b are explicitly 
functions ai @ and ¢, a oe putting a—b= x, 


ox Ss dé a 
£@- b)= X= (B) S +(5% as 
where (%) and (5x) are the coefficients of 50, and 54,, 
1 


in (12), with the signs changed. 
But since A=B, d8/de=—1, from (6). Hence, since 


cos 0=8/a, ange at 8. 
a 


In like manner, from (4), 


dg, _ 2(a cos? ¢,—B sin’? $i). 
80 iuat da (a? —B*) sin 2d; 
i a+B +5 dy\ «cos? ¢;—B sin’ d, - 
da K=(F a’ Tain 0 do,) (a#?—f?) sin2d, * 
Now as we pass from one surface which satisfies the condition 
A—B=0 to another, the value of X changes ; and it can easily 
be shown that if dX/d@ be calculated subject to this condition, 
it is of the same sign as dy/d«. Hence if X increases with 0, 
dy/da is positive and the critical valne is a minimum; if X 
diminishes as @ increases, it isa maximum. If X is a maxi- 
mum or minimum the curvature has a stationary value, but 
it is not itself a maximum or minimum. 
I have calculated by trial the values of ¢, which satisfy (7) 
for a few angles between 0° and 90°. They are given, together 
with the corresponding values of H, F', and Aj, in Table I. 


TABLE I. 
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The values in the last four columns are repeated in the 
reverse order as @ increases from 90° to 180°. 

In the next Table are given the values of ¢'=a2—d!, and 
of E,—H(¢") and F,—F(¢"). In representing the results — 
graphically it is best to take $!—7/2 or ¢g, as corresponding 
to ¢,, and therefore these values are also given. 


TABLE II, 
a. ¢". | $2: B,—E(g"). | F,—F(9"). 

’ 45-00 | 45-00 0-785 0-785 
350 45-20 44:80 0-772 0-792 
330 47:20 42:80 0°664 0841 
315 50-60 39-40 0:519 0-913 
300 5715 | $8285 0:326 1-018 
280 75°65 14:35 0:055 (1-169 
270 90:00 0:00 | 0-000 1-200 


The values of A(¢’) are omitted because they are readily 
obtained by the formula A(¢')A(¢,) = cos 0. 

The curve obtained by means of these Tables, which shows 
the relation between ¢, or ¢,-and 9, is given in fig. I. 

Rectangular coordinates are perhaps the most convenient ; 

but if 0 and ¢ be regarded as angle and radius vector, the 
curve assumes the symmetrical form shown in fig. II. 
+ This result completes the solution of the problem ; but the 
nature of the conclusions at which we have arrived is more 
evident if we proceed to deduce the ratios of the lengths and 
principal diameters of the films to the radii of the rings. 

This is done by means of the following relations, where 
symbols with unity subscript refer to bulging films, and those 
with 2 subscript to films the principal ordinate of which is a 
minimum. 

@,/Y=1/A,, 
X,/e,=E + F cos 6 ; 
whence X,/Y is found. 
82/[Y =a, cos 0/Y = cos 6/A,=A,, 
X,/B.= (E'—E,) sec 6 + (F’—F,;) ; 
whence X,/Y is obtained. 
It is evident from these equations that a,6,=Y’; 1. e. the 
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radius of the rings is a mean proportional between the prin- 
cipal ordinates of two surfaces in which the modulus of the 
elliptic integrals is the same, and the principal ordinates of 
which are a maximum and a minimum respectively. 


TaBur III. 
' ! i 

i 6. eM Oh Xie, XY. |] | BN At Ries | OG 
> —| _——————E __ ———— ———ees om 
0 | 1000 | 1571 571 180 | 1-000 | 0-000 | 0-000 

10 1-008 | 1:567 | 1579 190 | 0-992 | 0-008 | 0-008 

30 1074 | 1527 | 1640 | 210 | 0-931 | 0-073 | 0-068 
45 1184 | 1458 | 1726 || 225 ) 0844 | 0179 | 0-151 
60 1372 | 1:333 | 1829 || 240 | o-729 | 0:366 | 0-267 

80 1725 | 1036 | 1-787 || 260 | 0580 | 0852 | 0-494 
90 1810 | 0834 | 1:509 || 270 | 0-552 | 1-200 | 0-663 
100 1-725 | 0630 | 1-086 || 280 | 0580 | 1-486 | 0-862 
120 | 1372 | 0316 | 0-483 || 300 | 0-729 | 1-671 | 1-218 
135 | 1184 | 0-166 | 0-196 || 315 | 0844 | 1647 | 1391 
150 | 1-074 | 0-071 | 0-076 || 330 | 0-931 | 1607 | 1-495 
170 | 1-008 0:008 | 0-008 350 | 0-992 | 1:576 | 1-563 
180 | 0-000 360 1000 | 1571 | 1-571 


The “march” of the functions is shown by means of the 
curves in figs. III., 1V.,and V. Thus, if p be the length of the 
principal ordinate (whether it be a maximum or a minimum), 
fig. III. shows the relation between p/Y and @, fig. IV. that 
between X/p and @, and fig. V. that between X/Y and @. 


Fig. I. (x=6, y=9)). 


By plotting the values of X Y we find that the maximum 
occurs when =70°, The corresponding value of ¢, is 54°15, 
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and this gives ~ 

a/Y=1:545, X/e=1:2044, X/Y=1°860. 
If, then, we suppose the rings to approach to or recede from 
each other, and the volume and diameter of the film to be at 
the same time altered so that it always satisfies the conditions 
of critical mean curvature, it will undergo the following 
changes of form. 

Starting with the rings in contact, and supposing that as 
they separate the film has a slight bulge, it will first be a 
nodoid, and the length and principal diameter will increase 
together. When the length is a little more than one and a 
half (1-509) diameters of the rings the film is spherical, and 
the principal diameter is then a maximum (@/Y=1'810). As 
the diameter begins to decrease the film becomes an unduloid, 
but the length increases until it is 1-860 x diameter of rings. 
Thereafter length and diameter decrease together until, when 
the latter is a third proportional to the diameters of the sphere 
and of the rings, it reaches its minimum value (@/Y =0°552). 
The film is then a catenoid. As the length diminishes it 
becomes a nodoid, exerting a negative or outward pressure, 
and this continues until the cycle is completed by the rings 
meeting again. 

The whole of the above investigation has taken place subject 
to the condition that ¢,<7/2, and without reference to the 
stability of the films, which is, however, secured by the 
condition as to ¢, except in the neighbourhood of @=180°. 

The curves, when drawn on a larger scale, lend themselves 
to the solution of a number of problems with an accuracy 
quite sufficient for practical purposes. 

Thus, if we wish to determine the conditions of the film 
which bs a critical curvature when the principal diameter or 
the length is a given multiple of the diameter of the rings, we 
have only to draw a circle with the origin in figs. III. or V. as 
the centre, and with the radius equal to the given ratio, The 
points of intersection give the value of @; ¢, is found from 
fig. II.; and thus the other quantities can be determined either 
by calculation or by means of the other figures. 

It is evident, since the maximum radius of the curve in 
fig. V.is such that X/Y=1'860, that the curvature cannot 
have a critical value for films such that the ratio of the length 
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to the diameter of the rings exceeds this number, while for all 
less ratios there must be two critical points, a maximum and 
a minimum respectively. 

If, then, we suppose a film attached to two rings to be 
initially a nodoid with a diameter exceeding that of the sphere, 
and to contract gradually, its behaviour, as regards change of 
curvature, within the limits of the problem, would be as 
follows. 

Uf the length were >1°'860 x diameter of rings, the film, 
after becoming a sphere, would always be an unduloid until it 
reached the limit at which the conditions no longer apply. 
The mean curvature would increase as the principal diameter 
diminished. 

If 1:360>X/Y>0°663, the film remains an unduloid 
throughout all stages after it has become a sphere; but the 
mean curvature first increases, then diminishes, and finally 
increases again. The cylinder is the form of minimum mean 
curvature if X/Y=1:571. The sphere is the form of maxi- 
mum curvature if X/Y=1°509. 

-If X/Y=0°663 the last series of statements holds good, 
with the addition that the minimum mean curvature is zero. 
Hence the surface passes through the form of the limiting 
catenoid, which is such that no catenoid can be formed be- 
tween the rings if the distance between them is increased. If 
the distance between the rings is diminished, two catenoids 
pass through them. . 

If X/Y <0°663, the maximum mean curvature which is 
attained while the film is still a nodoid diminishes as the 
figure passes through the forms of the sphere, cylinder, and 
catenoid, and then becomes negative, i. e. the pressure exerted 
by the film is directed outwards. The minimum is reached 
when the form of the film lies between the two catenoids 
which can be drawn through the rings. 

The calculations enable us also to solve another problem. 
If the interiors of two ‘similar films be connected which are 
formed between equal and equidistant rings, and which are 
stable when separated from each other, the system will only 
be in stable equilibrium if a contraction in the principal 
ordinate, producing a decrease in volume, is attended by a 
decrease in the curvature. 
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Hence no pair of similar films so arranged can be in stable 
equilibrium if the length is > 1-860 x diameter of rings. 

Two cylinders cannot be in stable equilibrium if the length 
T 
2 
diameter of rings, i. e. >0°834 x diameter of sphere. 


is > = x diameter, nor two spheres if the length is > 1:509 x 


a 


XXI. Influence of Change of Condition from the Liquid to the 
Solid State on Vapour-pressure. By W. Ramsay, Ph.D., 
and Sypney Youne, D.Sc.* 


In Wiedemann’s Annalen, vol. xxviii. p. 400, W. Fischer 
has published a paper on the above subject. After stating, 
in the course of a historical sketch, that no experimental 
work with a view-to decide whether the vapour-pressure of a 
solid is identical with that of its liquid at the same tempera- 
ture below the melting-point of the solid has been carried out 
since Regnault’s time, he corrects himself in a footnote in 
which he refers to a paper published by us on this subject in 
the Philosophical Transactions in 1884. He there states, 
however, that he gained a prize through some work on the 
vapour-pressures of water and of benzene in 1883. Now it is 
generally understood that priority is determined, not by the 
date at which work is done, but by the date of publication ; 
and as Fischer’s work was not made public until July 1886, 
there can be no question of priority between us. But in the 
short sentence on our work he commits a grave error in stating 
that our work was merely qualitative ; on the contrary, it was 
rigorously quantitative ; and we then showed that the num- 
bers calculated for the vapour-pressure of ice, using as data 
an extension of the vapour-pressures of water below 0°, ex- 
trapolated from Regnault’s measurements above 0°, his deter- 
minations of the heat of vaporization of water and fusion 
of ice, and of the specific heat of ice, agreed closely with 
those found by us. As regards benzene, however, our work 
had no pretence to be quantitative. 


* Read December 11, 1886. 
L2 
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Fischer’s experiments were made by a process identical in 
principle with that employed by Regnault. The water, or 
benzene, on which he experimented, was introduced, by a pro- 
cess well devised for excluding air, into a vacuum connected 
with a gauge, and on alterating the temperature of the liquid, 
alteration of pressure was noted and registered. His experi- 
mental results are very regular, and, so far as water and ice 
are-concerned, confirm ours, and agree well with theory. 

‘But although Fischer’s experimental results with benzene 
are equally regular, yet they present certain anomalies which 
are difficult to explain. From his results he calculated con- 
stants—one series to represent the relations of the pressure of 
vapour in contact with liquid, and the other to represent 
similar relations for vapour in contact with solid, employing 
formule of the general form p=a+bt+ct?. From the num- 
bers calculated by means of these constants, he concluded that 
the vapour-pressure of liquid benzene is not identical with that 
of solid benzene at the melting-point of the solid. This conclu- 
sion is evidently opposed to the second law of thermodynamics ; 
and, if it had not been apparently supported by Fischer’s really 
excellent experimental measurements, might have been dis- 
missed at once as absurd. But on revising Fischer’s results, 
we find that the constants employed by him, if used to calcu- 
late the vapour-pressures of the solid at low temperatures, 
give results which are by no means in accordance with his 
measurements. Indeed at —8° the calculated pressure is 
13°51 millim., whereas Fischer found 14:2 millim. ; and it is 
evident, from a graphic representation of his results, that the 
divergence would increase at lower temperatures. Now it is 
known that the relations of pressure to temperature are better 
expressed by means of a formula of the type suggested by 
Biot, log p=a-+ ba‘ + cB"; or, for a small range of pressure, by 
the simpler form log p=a+ba‘. On calculating constants from 
Vischer’s results by means of this formula, we found that while 
a curve was obtained agreeing better with his experimental 
results, the anomaly which he supposed (viz. want of coinci- 
dence at the melting-point) no longer existed. As in the case 
of water and ice, solid and liquid acetic acid, solid and liquid 
bromine, and solid and liquid iodine, which have formed the 
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subject of our experiments (Phil. Trans. 1884, p. 461, and 
Trans. Chem. Soc. 1886, p. 453), solid and liquid benzene 
exert the same vapour-pressure at the melting-point. 

For recalculating Fischer’s results, his pressures at —7°, 
—2°, and +3° were taken. At —7°, the vapour-pressure of 
the solid determined by him was 15:273 millim.; at —2°, 
21:°679 millim.; and at +3°, 30°324 millim. The constants 
are a=4°81664; log b=0°5602315; log a=1-99628446; b is 
negative; and ¢ = temperature centigrade +7. For the 
vapour-pressures of liquid benzene, Fischer’s results agree 
well with his formula. As data are in existence whereby the 
vapour-pressures of solid benzene can be calculated for a short 
interval of temperature below the melting-point, provided 
those of the liquid are accurately known, it was deemed ad- 
visabie to check Fischer’s results with liquid benzene by the 
dynamical method already described by us (Trans. Chem. Soc. 
1885, p. 42). 5; ‘ 

This was accordingly done. A large quantity of commer- 
cial benzene was distilled, and the first half, boiling within 
five degrees, was frozen twice, the liquid portion being poured 
off each time. The solid portion was then shaken repeatedly 
with sulphuric acid until the acid was no longer coloured, 
thiophene being thus removed. The remainder was shaken 
with water and dried, and then fractionated until a product of 
constant boiling-point was obtained. The actual boiling-point, 
at a pressure of 753°4 millim., was 79°9. 

The following determinations with the liquid were made. 
At the lower temperature, thermometers graduated in +5 divi- 
sions were employed. The zero-points of these thermometers, 
and the apparent lowering of temperature consequent on 
reduction of pressure, were determined, and corresponding 
corrections introduced. For higher temperatures (above 50°), 
a thermometer previously used for determination of vapour- 
-pressures, and of which the corrections had been thoroughly 
investigated, was used. The three 5 thermometers we shall 
name A, B, and C; the one used at higher temperatures, D. 
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Liquid Benzene. 


Series I. Series II. | Series 111. 
Temp. Pressure. Temp. Pressure. Temp. | Pressure. 
C millim. 6 millim. 5 millim 
A. —1:84 24-0 A. 5°30 35°05 Dz 31°4 125°85 
—0-97 2571 6°25 37-2 33°6 137:9 
—0:02 268 7-03 38°45 355 1508 
+0:98 27-9 TAT 39°85 44-7 221-0 
1:23 28°15 7-98 40°S 50-1 267-0 
2-03 29°15 837 41:8 5185 °| 287°4 
3:08 80°95 9:21 43:0 54:25 313-9 
3:13 31-15 10-44 47:25 56-4 839°5 
4°84 34°7 12°51 51°65 58°8 371-4 
5-06 35:2 14°66 57°8 61:2 402°7 
531 35°4 16°85 64:5 63°6 440-0 
5°48 359 18-72 70°75 67-2 497-6 
5°74 36°15 20°54 77°25 69°25 534-6 
B. 5:63 36°15 22°97 85°5 71°85 582-0 
A. 8:98 428 25°37 96°4 741 630°3 
B. 877 42°8 28°15 109°35 76°65 6846 
30°87 123°45 79°6 743°1 
38°78 1730 
39°35 17495 
41°41 190°8 
43°71 209°6 
45°97 230°0 
47-94 249°1 
49°36 263-3 


A curve was drawn to represent these relations ; and from 
it three points were chosen, viz. 0°, 40°, and 80°; the corre- 
sponding pressures are: 0°, 26°54 millim. ; 40°, 180°2 millim.; 
and 80°, 755-0 millim. The constants for the formula 
log p=a+bat are 

a=4°72452; log b=0°5185950; log a=1:996847125 ; 
b is negative. 


The following Table shows the calculated vapour-pressure 
for each 10°. 


emperature. | Pressure. |/Temperature.| Pressure. 


Fe 
ed 


a millim. 3 millim. 
-10 14:97 40 180-20 
0 26°54 268-30 

10 45°19 38851 
20 74:13 54816 


30 117-45 7550 
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These numbers agree fairly well with Regnault’s results at 
and above 10°. Below that temperature his constants are 
calculated from the vapour-pressures of the solid as well as of 
the liquid, and of course are therefore incorrect. 

We give a Table of comparison of our calculated results, 
with those calculated by Fischer, between 0° and 6°. 


Pressure. ; Pressure. 
on? | oD ———— 
F, R. and Y. F. R. and Y. 
a millim. millim. S millim. millim. 
0 26°40 ' 26°54 4 32°84 32°99 
1 27-87 28°04 5 34°68 34:80 
2 29°43 29°61 6 36°60 36°69 
3 31-10 31:26 


It will be seen that the agreement is a very close one ; and 
as our determinations were made by the dynamical method, 
while Fischer’s were obtained statically, there is a strong pre- 

‘sumption that the substance in both cases was pure. 

In order to calculate the vapour-pressures of solid from 

those of liquid benzene, the following formula was employed:— 


Vapour-pressure of solid at (¢—1)=P,—(P"7—P%_ (“at ees) , 
t—3 


P =vapour-pressure of solid ; 
P’=vapour-pressure of liquid ; 

V =heat of vaporization of liquid ; 
F =heat of fusion of solid ; 


t =temperature of solid and liquid. 


It is therefore necessary to know the heat of vaporization 
of liquid benzene at different temperatures, and the heat of 
fusion of solid benzene; and in order to calculate these, the 
specific heats of liquid and of solid benzene. The following 
determinations are available :— 

1. Heat of Vaporization of Liquid Benzene.—Regnault 
(Mémoires de I’ Institut, xxvi. p. 881) has determined the total 
heats of vaporization of benzene at different temperatures, 
while Schiff (Annalen, ccxxxiv. p. 344) has made a single 
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determination at the boiling-point. Regnault’s formula is 
H=a+lt+ct’, 


where a=109, b=0°24429, and c= —0-0001315. Schiff’s | 
single determination at the boiling-point, 80°39, at a pressure 
of 765:1 millim., is 93°4 to 93:5 calories. 

2. Heats of Fusion of Solid Benzene.—Peterson and Wid- 
mann (J. prakt. Chem, xxiv. p. 129) give the number 29:09 
calories ; and Tischer (loc. cit.) found 30°085 calories. 

3. Specific Heat of Liquid Benzene—This has been often 
observed. But isolated observations are for our purpose 
comparatively valueless, for the specific heat varies with the 
temperature. Formule are given only by Schiiller (Pogg. 
Ann., Ergiinzungs-Band, p. 5), and by Schiff (loc. cit.). We 
have used Schiff’s formula. It is, specific heat=a-+ bt; where 
a=0°3834 and b=0°001043. Between narrow limits of tem- 
perature this may be accepted as sufficiently correct. 

4. Specific Heat of Solid Benzene.—Fischer (loc. cit.) gives - 
0-319. 

Calculating the heat of vaporization at the boiling-point 
under normal pressure from Regnault’s total heats of volatili- 
zation and Schiff’s specific heat of liquid benzene, the number 
93°67 is obtained; while Schiff found by direct measurement 
93°4 to 93°5. This is a strong presumption in favour of the 
correctness of the data. 

The mean of the two determinations of the heats of fusion 
of benzene was taken. 

The following Table summarizes the data for calculating 
the vapour-pressures of the solid. But this calculation in- 
volves the assumption that the heat evolved on solidification 
at any low temperature is equal to that evolved at the ordinary 
melting-point, minus the product of the specific heat of the 
solid into the difference of temperature; and that the specific 
volume of the vapour in contact with solid is equal to that of 
vapour in contact with liquid. It is certain that neither of 
these assumptions is true; hence it is not legitimate to calcu- 
late the vapour-pressures of the solid from those of the liquid. 
Still, for some degrees below the melting-point, the error 
involved in these assumptions is probably not very great. 
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Temp.| P'. |P’s—P'e—1.| Ve—s. | Fe—}. Yep} P,-Py-1.| P 

o mm, mm. calor. | calor. aa aay 
Geer eS?! “16 || 1088) 994) 1-271 2.565 «| 2 
#58 | 3208)" 178 | 1084| 291 | 1-268 2-258 | 9352 
358 | $225) 169 | 1085) 288| 1-265 2199 || 377 
258 | 3056! j62 | 1086] 285) 1-262 2045 | 218 
Eee i erbdt || 1088).288)l, 1 BeO rat goat || ZU 
0-58 | 27-40 25°14 


The vapour-pressures of solid benzene, determined by our 
method, are given in the following Table. As Fischer’s method 
was = while ours is dy namical, a comparison of the 
results of both is therefore given. 


Pressure. | Temp. Pressure. | Temp. Pressure. | Temp. 
Serres I. Sertss II. 
Series I. \| (cont.). (cont.). 

millim. 3 millim, - millim. n 
359 +5:43 2LSr., —0:95 14:0 — 7:02 
35°4 5-21 21-4 —1:12 13°25 — 737 
35-2 5:07 21-0 —1:45 13°10 — 753 
347 4:89 19-95 —2:00 12:80 — 8-42 
31:15 3°62 19:0 —2-54 116 — 877 
30:95 3°32 19:0 —2:97 11:2 — 9:90 
29°15 2°70 18-05 —2:98 10:2 — 9:72 
29°15 2°75 16:3 —463 - 101 —10°54 
28:7 2°41 , 16:25 — 5:45 9:95 —11:03 
28°15 fen ine - oo 7°35 —1412 
219 i 12: —8 07 
26:3 1-29 Series IIT. 
26°7 1:33 14-25 — 701 
26°65 sg 4) Samet. 140 | — 7-70 
25°9 0°85 21:9 — 1:26 10:4 ~ —1):2 
2571 0°64 PAI —1-:60 10°2 —11:0 
24:45 0°23 20:05 —261 10:2 — 10-63 
24-0 0:0 18°75 —3-08 9°95 —1162 
23°9 —0-03 17°15 —438 9:3 —11:92 
22°75 —0°78 15:2 -—5°78 9°3 —11:3 
22:2 —091 15:0 —6:02 87 —12:12 


For the first two series thermometers A and B were used ; 
for Series III. another thermometer, D; and it will be seen 
that its readings confirm those of the other two. The indi- 
vidual results are not so eoncordant as Fischer’s. The 
reason is that the volatilization of solid benzene is so quick 
as to make it difficult to obtain an accurate reading before 
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the solid has volatilized and partially exposed the thermo- 
meter-bulb. These numbers, near the melting-point, show 
close concordance with those of Fischer, but at lower tem- 
peratures they show signs of divergence.. For example at 
— 8-42, if Biot’s formula be applied, the difference between 
Fischer’s results and ours amounts to 1°39 millim. ; and it is 
evident, from the graphical representation, that the difference 
would-be an increasing one. It is to be noted that Biot’s 
formula agrees with Fischer’s own results much better than 
the formula employed by him. 

Our results were plotted on curve paper, and the constants 
for a formula calculated from points on a curve drawn to 
pass well through them. The constants for the formula 
log p=a+ba' are 


a=4:82602 ; log b=0°5784772 ; log a=1-9959086; 


t=¢t° Centig.+10; 5 is negative. 

The following Table comprises (A) the values calculated 
from the vapour-pressures of the liquid ; (B) those calculated 
from the formula and constants given by Fischer; (C) those 
calculated from Fischer’s results by Biot’s formula ; and (D) 
those calculated from our results by Biot’s formula. 


Temperature. A. B. Cc. D. 


° 
5°58 35°8 35°62 | 35°85 | 35°86 
4°58 83°52 | 33:36 | 3362 | 33:39 
3:58 31:27 | 31:42 | 31:50 | 31:07 
2°58 29:13 | 29:54 | 29°50 | 28-410 
158 27:08 | 27-73 | 27°61 | 26°85 
0:58 25:14 | 25°97 25°82 | 24-94 
= OA Kae sc 2428 | 2414 | 23:14 
Lae liercacess 22°65 | 22:55 | 21:46 
YY plies ul Ne BaaHee 21:09 | 21:06 | 19-89 
442s | Gl Ueeecccs 1815 | 1833 | 17-04 
Lie ee | ahead 16-77 | 17:09 4 15°75 
(aie eee ant (Pes nes, 15:45 | 15:92 | 14-56 
142 Mle esstss 14:20 | 1482 | 13-44 
BAZ Tl reovese 13:01 13:79 | 12°40 
CR es Sl Bare 11:89 | 12°82 | 11-43 
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It is possible to calculate the heat of fusion of solid benzene, 


ON THE NATURE OF LIQUIDS. 127 


eerie ae 
from the value of + at the melting-point, from the equation 


Peolid)  (liquidy=VE* 
where V is the heat of a at the melting-point, and 
F the heat. of fusion. 


With Fischer’s formula and constants .F= 6°29 calories 
With Fischer’s results and Biot’s formula, F=21:1 _,, 
With our results and Biot’s formula. . F=35-4 
The number found by Fischer. . . .F=30-085 _,, 
The number found by Peterson and 
Wigan a. BS ee ee 89-09 er 


From these numbers it is. evident that, although our con- 
stants are-not perfectly correct, yet they agree better with 
experimental evidence than those of Fischer. 


ee eee 


XXII. On the Nature of Liguids, as shown by a Study of the 
_ Thermal Properties of Stable and Dissociable Bodies. By 
Witiiam Ramsay, Ph.D)., and Sypney Youne, D.Sc.* 


THe fundamental concept of Chemistry, as well as of 
Physics, is the molecular and atomic constitution of matter. 
This concept serves to represent to the chemist the defi- 
nite composition of compounds, and, to some degree, the 
nature of isomerism, while all attempts to realize and explain 
the progress of chemical change depend on its adoption. 
This concept also furnishes to the physicist the means of 
conceiving the relations of heat, light, magnetism and elec- 
tricity to matter ; and where the action of one of these agents 
involves not merely a change in the form, but also in the 
nature of the matter, the problem becomes of deep interest 
to both chemist and physicist. The action of heat on matter, 
from the physical side, involves an increased molecular 
motion, tending to separate individual molecules from each 
other, on the one hand ; or, on the other, if this separation be 
opposed by confining walls, to increase the momentum and 


* Read December 11, 188, 
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number of impacts on those walls, and therefore to raise the |f 


pressure. But this increased molecular motion is accom- 
panied by greater internal vibration, which eventually leads, 
in almost all cases, to a simplification or rearrangement of the 
molecules, involving. chemical change. When increased 
molecular motion is imparted to gases at temperatures much 
above their points of condensation, and at moderate pressures, 
the problem is a comparatively simple one ; and has been 
solved with great success by Clausius, Maxwell, Thomson, 
and others, from the physical side, and from the chemical side 
by Pfaundler, Naumann, and Willard Gibbs. But near their 
condensing points, and also at high pressures, Boyle’s and 
Gay-Lussac’s laws no longer hold, owing partly no doubt to 
the mutual attraction of the molecules, and also to the fact 
that the absolute size of the molecules is no longer insigni- 
ficant relatively to the space which they occupy. Both these 
causes of deviation may be relegated to the class “ physical,” 
inasmuch as the mutual attraction alluded to is not confined 
to any small number of molecules, but is exercised by each 
molecule on all its neighbours, and limited in absolute amount 
only by the relative masses of the attracting molecules 
and by their distances from each other. But it is also con- 
ceivable that this attraction may be wholly or in part of a 
chemical nature, tending towards the formation of eomplex . 
molecules, resulting from combination of two or more simple 
molecules. Now as this deviation from the simple gaseous 
laws occurs both with what are commonly termed “ stable ”’ 
and with “ dissociable ”’. substances, it is of importance to 
enquire whether the abnormality of the vapour-density of 
stable substances is at all due to chemical association of mole- 
cules ; and how much of the abnormality of dissociable sub- 
stances is to be ascribed to purely physical attraction of the 
‘molecules for each other, due to mere propinquity. 

At any temperature below the critical one, when the volume 
of gas is decreased, pressure rises until a certain maximum is 
attained, when it becomes constant, and change of state 
occurs. It is conceivable, on the one hand, that the liquid 
condition is a purely physical one, and that a liquid consists 
of molecules similar in all respects to those of its gas, but, 
owing to their closer proximity, exhibiting that form of at- 


THE NATURE OF LIQUIDS. 129 


traction which is known as cohesion. And on the other hand, 
it has been advanced by Naumann and others that the gaseous 
molecules, in changing to liquid, form molecular groups of 
definite complexity, exercising cohesive attraction on each 
other ; and, according to this view, the problem is both a 
physical and a chemical one. According to the first view, if 
heat be ‘imparted to a liquid, work is done in expansion 
against pressure, and in overcoming cohesion ; and, according 
to the second view, additional work is done in dissociating the 
complex molecules into their simpler constituents, and in 
imparting increased velocity and internal motion to those 
constituent molecules (see “ Evaporation and Dissociation,” 
part i., Trans. Roy. Soc. 1886, Part I.). 

When a substance, such as chloral hydrate or ammonium 
chloride, passes from the solid or liquid into the gaseous state, 
the physical change is obviously accompanied by a chemical 
one, for dissociation into simpler molecules occurs. There is 
an obvious analogy between evaporation. and such cases of 
dissociation ; and we have recently undertaken experimental 
work to test whether this analogy is a real one. 

In part i. of this series of papers the phenomena attending 
the volatilization of such solids as dissociate wholly or partially 
on their passage from the solid to the gaseous state have been 
studied. There are two ways of measuring the vapour- 
pressure of a stable substance, which have been termed by 
Regnault the statical and the dynamical respectively. The 
first consists in measuring the pressure exercised by the 
vapour of the substance kept at a uniform temperature ; and 
the second in measuring the highest temperature attainable 
by the substance at given pressures, when evaporation freely 
takes place. It has been shown by Regnault, and by nume- 
rous other observers, that these methods give identical results 
with liquids, and by ourselves with solids (Trans. Roy. Soc. 
Part I. 1884, p. 37). But in the case of the majority of the 
dissociable bodies examined, the results of the two methods 
were not identical; indeed, in many cases in which dissociation 
is complete, or nearly so, the temperature of volatilization is 
independent of pressure. With nitrogen peroxide, acctic 
acid, and ammonium chloride, however, the two methods 
gave identical results. This method, therefore, cannot be 
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regarded as a means of deciding the question of the analogy 
between evaporation and dissociation, unless, indeed, two 
kinds of chemical combination be conceived, one of which 
may be termed “molecular combination” as distinguished 
from “ atomic combination.” 

In parts ii. and iii. the thermal behaviour of stable liquids 
has been investigated, as exemplified by alcohol and ether. 
For a complete account of these researches reference must be 
made to the original papers (Trans. Roy. Soc. 1886, Part I.*). 
We are here concerned chiefly with the densities of the 
saturated vapours, and with the heats of vaporization. We 
found, with alcohol, that the density of the saturated vapour 
was normal at temperatures below 40° or 50°, and remained 
normal down to a temperature of 13°, the lowest temperature 
at which observations could be made. With ether the vapour- 
density was approaching normality at 13°, and from the form 
of the curve would have doubtless become normal at a lower 
temperature. In both cases, with increase of temperature 
and corresponding increase of pressure, the density of the 
saturated vapour increased towards the critical point with 
great rapidity, until at the critical point the weight of unit 
volume of the saturated vapour was equal to that of the 
liquid. 

At the critical point the heat of vaporization of a stable 
liquid is theoretically zero ; below that temperature we found 
it to increase with alcohol and with ether as the temperature 
fell; with ether the increase was found to be continuous to the 
lowest observed temperature 13°; whereas, with alcohol, it 
becomes practically constant below about 20°. Our calculated 
numbers correspond well with direct measurements by various 
observers at the boiling-points under atmospheric pressure. 

With acetic acid the results were very different. With 
rise of temperature above 150° the density of the saturated 
vapour increased, as with other liquids ; but, below that tem- 
perature (at which the vapour-density was 50°06, the caleu- 
lated density being 30) the vapour-density, instead of con- 
tinuing to fall, rose more and more rapidly with fall of 
temperature, until at 20° the vaponr-density was approxi- 
mately 59, and apparently, from the form of the curve, was 


* The constants for ether will be published shortly. 


THE NATURE OF LIQUIDS. 131 


continuing to rise more and more rapidly, with fall of tem- 
perature (see figs. 2&3). It may be mentioned that direct 
observations by Bineau at 20° give nearly the same value. 


Vapour-density (H=1 at ¢° and p millim.), 
Alcohol. ; 


Fig. 2. 


Vapour-density (H=1 at ¢° and p millim.). 
Acetic Acid. 


The curve representing heats of vaporization of acetic acid 
at various temperatures also differs entirely in form from those 
of alcohol and ether, for it exhibits a maximum at 110°, and 


— 
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decreases both with rise,and with fall of temperature. It is 


difficult to draw any conclusion from a comparison of our (ff 


measurements of this quantity at the boiling-point under at- | 
mospheric pressure with those of other observers ; but it may 
be stated that our result differs far less from the observation 
of Favre and Silbermann than theirs does from that of 
Berthelot (see fig. 3). 


Fig. 3. 


300calories 200 100 0 


It appears to us that these results negative the “ chemical ” 
explavation of the constitution of liquids, or, to confine our- 
selves to known cases, of the liquids alcohol and ether. The 
molecules of these liquids cannot, we think, be regarded as 
complex, consisting of gaseous molecules in chemical combi- 
nation with each other, as, for example, n(C.H,O), where n is 
any definite number. We believe, rather, that the physical 
explanation of the nature of liquids is the correct one, and 
that the difference between liquids and gases lies merely in 
the relative proximity of their molecules. 

The chief argument for this view is that it is difficult to 
conceive that the rise of vapour-density of acetic acid, both 
at high and at low temperatures, can be due to the same 
cause, under conditions so radically different ; for at high 
temperatures we have conditions unfavourable to chemical 
combination, but owing to the necessarily high pressure, the 
molecules are in close proximity ; whereas, at low tempera- 
tures, the conditions are favourable to chemical combination, 
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while the molecules, owing to the corresponding low pres- 
sures, are very far apart. Now we have shown that, with 
alcohol and with ether, a rise of density does not accompany 
fall of temperature ; indeed, the saturated vapour of alcohol, 
at low temperatures, obeys the laws of Boyle and Gay- Lubeae: 
while the rise of vapour-density at high temperatures is com- 
mon to all bodies. But with acetic acid, the lower the tem- 
perature the higher the density of its eitaraied vapour—a fact 
which indicates the formation of complex molecules ; at high 
temperatures, however, it forms no exception in behaviour to 
ordinary liquids. 

We have shown that with stable substances there is proof 
of the absence of complex molecules in their vapours ; but it 
might be asserted that in the passage from the gaseous to the 
liquid state, combination might occur. That this cannot be 
the case, is evident from a consideration of the behaviour of 
liquids near their critical point. For the specific volumes of 

- liquid and gas just below the critical point are nearly- equal ; 
and were the liquid to consist of congeries of gaseous mole- 
cules, there would necessarily be fewer molecules in unit 
volume of the liquid than in unit volume of the gas—an im- 
probable conception. 

It is impossible to decide from our experiments whether 
the higher limit of vapour-density of acetic acid is 60; and 
the difficulty of measuring small pressures with sufficient 
accuracy renders an answer to this question apparently im- 

—fossible ; but it is a remarkable circumstance that our observa- 
tions, as well as those of Bineau, should so closely approximate 
to this limit. Although the curves representing the density 
of the saturated vapour in figs. 1 and 2 apparently point to a 
vapour-density greater than 60, yet a trend in the curve is 
not impossible ; and it is conceivable that at lower tempera- 
tures than those represented, the density might remain normal 
for C,H;O,. | 

If there is a definite limit to the vapour-density of acetic 
acid, then the following considerations will hold. It has been 
pointed out in our paper on acetic acid, that condensation 
took place before pressure ceased to rise ; and the same phe- 
nomenon was observed with chloral ethyl-alcoholate, where 
dissociation is known to occur. Now with alcohol and with 

VOL. VIII. M 
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ether absolutely no sign of this behaviour was observable ; 
condensation occurred the moment the vapour-pressure was 
reached, but not till then. This behaviour corresponds to that — 
of a mixture. If an indifferent gas, to take an extreme | 
instance, is compressed along with the vapour of a conden- 
sable liquid, pressure continues to rise after condensation has _ 
commenced, until the gas, if possible, has been dissolved, or 
has itself condensed. On the other hand, if a small quantity 
of liqeid of high boiling-point be present along with a large 
quan.ity of liquid of low boiling-point, the liquid ef higher 
boiling-point separates out first, on reduction of volume, 
while pressure continues to rise. This was indeed noticed 
with an impure sample of ether; and the absence of this 
behaviour affords proof of the homogeneity of a liquid. 

Supposing the vapour of acetic acid to consist of molecules 
of two different degrees of complexity, it is probable that the 
more complex would be first condensed, and that pressure 
would rise until the less complex molecules had also con- 
densed. This was in fact observed. But below a certain 
temperature the substance would consist almost wholly of 
more complex molecules, and the phenomenon would then be 
less visible. This is indeed the case with the isothermals at 
50° and at 78°4. At higher temperatures the phenomenon 
becomes evident. That this behaviour is not the effect of im- 
purity has been proved by the fact that the vapour-pressures 
at low temperatures, measured by the statical and by the 
dynamical methods, were identical. 

Formule representing the dependence of dissociation on 
pressure and temperature have been proposed from thermo- 
dynamical considerations by Prof. Willard Gibbs*. The 
formula is for acetic acid 


2°073(D—2-073) _ 3520 

- (4:1146—D)? © ae t. +273 
The numbers 2°073 and 4:146 are the densities referred to 
air of the molecules C,H,O, and C,H,0, respectively ; D is 
the observed density; and 3520 and 11:349 are constants 
deduced from the determinations of Cahours and Bineau. 
This formula, of which the constants in its author’s opinion 


log + log p—11°349. 


® American Journal of Science and Arts, 1879, p. 277. 
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can claim only approximate correctness, is quite inadequate 
to represent actual facts at high temperatures and high 
pressures where cohesion becomes marked. For examnle, it 
gives at a temperature of 280° for the density of the saturated 
vapour 35°13 instead of the observed number 62°62. 

If our opinion be correct, and if the abnormal density of 
saturated vapours and of vapours near their saturation-points 
and also above their critical points, at high pressures, of stable 
substances, be due to mere molecular proximity, and not to 
any form of molecular combination; then a dissociating sub- 
stance must exhibit a vapour-density which may be parily 
due to this cause. With such a substance as ammonium 
chloride, which, we have shown, is almost compietely disso- 
ciated at 280°, the products of dissociation (hydrogen chloride 
and ammonia) are under such conditions of temperature and 
pressure that they would probably behave as perfect gases ; 
the relatively few molecules of ammonium chloride which 
remain undecomposed in the gaseous state are under such low 
pressure, that their density is probably normal for the formula 
NH,Cl; and in this case it is probable that the chemical. 
factor alone determines the vapour-density. But with acetic 
acid the increase of density above 150° is evidently wholly 
due to the physical cause; while the abnormality is partly 
due toa physical, partly to a chemical, cause. It is, how- 
ever, impossible in this case to ee at what temperature 
the physical cause begins to operate. It is evidently to be 
wished that, from a study of the behaviour of stable substances, 
some general law could be discovered which would embrace 
all instances of physical abnormality ; and many attempts 
have been made in this direction, but as yet with only partial 
success. Willard Gibbs, on the other hand, has attacked the 
problem from the chemical side ; and we have shown that his 
formula ceases to apply when the physical change becomes 
predominant. 

Messrs. E. and L. Natanson* have recently published a 
research on the vapour-densities of nitric peroxide (N,Q, or 
NO,), which, taken in conjunction with experiments of ours 
on the vapour-pressures of that body (Phil. Trans. 1886, 
Part I.), affords a striking confirmation of the correctness of 

* Wiedemann’s Annalen, 1836, p. 606. * 2 
‘ M <.' 
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our views. They give an isolated observation at —12°6; 
and isothermals at 0°, 21°, 49°7, 73°7, 99°8, 129°-9, and 
151°4. The limit of pressure was 800 millim. Now the 
boiling-point of nitric peroxide is, from our measurements, 
21°-8; hence the densities of the saturated vapour are de- 
ducible from only the first three of the Messrs. Natansons’ 
isothermals. We have plotted their results on curve-paper ; 
this has shown us the regularity and trustworthiness of their 
obs@rvations ; and by continuing the curves in the direction 
in which they run until they intersect the straight lines 
denoting vapour-pressures at the temperatures at which their 
measurements were made (using for this purpose the vapour- 
pressures determined by us), the density of the saturated 
vapour is determined: with but small error. 
The Natansons’ numbers are as follows :— 


Temp. Pressure. Density. Temp. Pressure. | Density. 
3 millim. millim. millim. millim. 
—126 115°4 - 62:54 21 491:60 38°74 
0:0 37°96 35°84 516-96 39°01 
86°57 38°59 553°50 39°15 
172-48 40°71 639°17 39°64 


250°66 41:90 


At —12°6 the vapour-pressure of nitric peroxide is 125 mm. 
The density of the saturated vapour must therefore be a little 
above 52:54. Now the theoretical density of N,O,is 46. It 
may be that the higher density is due to experimental error; 
but from graphic representation of the Natansons’ results 
this appears improbable. If the measurement is correct, it 
would imply that the chemical combination of molecules of 
NO, is not complete when the molecular complexity is repre- 
sented by the formula (NO,)., but may extend to (NO,)3, or 
even further. At 0° the vapour-pressure is 255 millim.; again 
the density found by the Natansons must be nearly that of 
saturation. At 21° the vapour-pressure is. about 700 millim. ; 
and a prolongation of the curve constructed from the above 
numbers would cut the line representing the large alteration 
of volume with no rise of vapour-pressure at a vapour-density 
of about 40. It is evident, then, that with nitric perexide, as 


ea 
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with acetic acid, the density of the saturated vapour rises with 
fall of pressure and temperature. Now it is known that nitric 
peroxide dissociates, for the physical properties (colour, &c.) 
change, on change of (NO,)” into n(NO,); and the similarity 
of behaviour between nitric peroxide and acetic acid renders 
the dissociation of acetic acid from (C,H,O,), into n(C,H,O,) 
no longer conjectural. 

If it be granted that our thesis is proved, that the molecules 
of stable liquids are not more complex than those of their 
gases, it follows that the difference between liquids and gases 
is one of degree, not of kind; is quantitative, and not quali- 
tative. 

University College, Bristol, 

November 18, 1886. 


XXIII. Note ona Method of Determining Coefficients of Mutual 
Induction. - By G. Canny Foster, F.R.S.* 


THE determination in absolute measure of the coefficient of 
mutual induction of two electric circuits by the ordinary 
method founded on the throw of a ballistic galvanometer 
is a somewhat complicated matter, necessarily occupying a 
good dealof time. But the process may be greatly simplified 
if we have available a condenser of which the capacity is 
accurately known. For instance, if P and s are two coils 
whose coefficient of mutual induction is required, let them 
first be joined up, as indicated in fig. 1—p in a primary 


circuit containing a battery, B, and make-and-break key, K ; 
and 8 in a secondary circuit of total resistance r including a 
ballistic galvanometer Gc. Then, on closing or opening the 
key K, a momentary deflection of the galvanometer will 
occur in consequence of its being traversed by a quantity 


* Read November 27, 1886. 
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of electricity Q given by 
Q=m?, 


where M is the coefficient of mutual induction between P and 

s, and y the strength of the primary current. Next, leaving 
Ae primary circuit unaltered, let connections be made as in-- 
dicated by fig. 2, where c is a condenser of known capacity 


Fig. 2. 


C, and A and D are two points in the primary circuit sepa- 
rated by a resistance R. Then, on making or breaking contact 
at K, the galvanometer is traversed by a quantity Q', such that 
Q' = yCR. 
If the points Aand D are found by trial so that the deflection 
of the galvanometer is the same in both cases, we have 
M = CRr. 

This mode of working, however, has the obvious defect that 
the result, as stated, implies that the current in the battery- 
circuit is of exactly the same strength during each part of the 
experiment. As this cannot be looked for, it would be needful 
to include a measuring galvanometer in the battery-circuit, so 
as to take account of the variation of the current. The re- 
quired coefficient is then obtained in the form 


M = “2ORr. 
"1 


But, instead of making two separate experiments, as above, 
it is simpler to adopt an arrangement of apparatus which is 
very nearly a combination of the two arrangements just 
described. A single experiment then takes the place of two, 
and, instead of having to reproduce a particular deflection of 
the galvanometer, we have to adjust a resistance so as to 
prevent deflection. The connections will be understood by. 
reference to fig. 3, where, so far as the reference-letters used 
in the previous figures recur, they have the meanings already 
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given to them. The observation consists in adjusting a set 


of resistance-coils at F, between the galvanometer and the 


Fig. 3, 


coil s, until there is no throw of the galvanometer on making 
or breaking contact at K. 

Let the resistances ASFE, AGE, AD be represented by 
DPD? respectively , and the corresponding currents by «, y, z. 
Further, let the current in the battery and primary coil be 
denoted by y, the coefficient of self-induction of the coil s by 
L, and the potentials at the points a and u by A and E 
respectively. 

When the battery-current has attained its steady value, it 


is evident that the currents « and y will both be nothing, and 


therefore that A=EH, and that the charge of the condenser 
will be Cyr. But if there has been no throw of the galvano- 
meter-needle, the average value of the current y during the 
whole time of establishment of the battery-current has been 
=0. Consequently, the total quantity conveyed by the cur- 
rent « has been equal to the charge of the condenser, or 


dt = Cyr, 


r) 
But, if the average strength of the current y=0, the average 
difference of potentials A—E=0, and the effective electro- 
motive force in the conductor p is that due to the mutual 
induction of the coils p and s (for the integral value of the 
electromotive force of self-induction must vanish). Hence 

- M (° dy 

{ edt= us dt = Oyr, 
0 


or ay M = Cpr. 
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In order that the galvanometer-current y may be zero at 
every instant, as well as on the average, during the establish- 
ment of the primary current, it is essential that the coefficient 
of self-induction, L, of the coil s should be equal to the 
coefficient of mutual induction M. This may be proved 
as follows:—Since, in the case supposed, we have always 
A—EH=0, we may write 


dx uy =O: 


peta ars 


But «=y—z (since y=0, always), consequently the instan- 
taneous value of the current 2 is 


ee dy =| 
o= > | (M Lathe 5] 
and the simultaneous charge of the condenser is 


, é L 
C ee : xdt hi [ Qt-1) y+Lz |, 


or 


(M—L)y = (Cpr—L)z. 


But, since it has been already proved that M=Cpr when the 
average current through the galvanometer vanishes, the last 
equation becomes 


(M—L)y = (M—L)z, 


which requires either (1) that y=z (that is, that the primary 
current has become steady), or (2) that M—L=0. 

When the last-mentioned condition is satisfied, we ought to 
be able to replace the galvanometer between the points a and 
E by a telephone, and to employ a rapid make-and-break *. 

By using a pair of coils of known and invariable coefficient 
of mutual induction, the experimental process described above 
may afford a ready way of determining the capacity of a 
condenser; but for this purpose the method does not appear 
to possess any advantage over the well-known methods of 
De Sauty and Sir William Thomson for determining the 
capacity of condensers by comparison with a known standard, 


* Experiments in this direction, made since the reading of this paper 
before the Physical Society, by Mr. F. Womack, have not yet led to a 
fully satisfactory result. 
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more especially as a known condenser is more frequently at 
hand than a pair of coils of known coefficient *. 

The limit of accuracy attainable in measurements by the 
method here described depends essentially upon the sensi- 
tiveness of the galvanometer employed; but with a given 
galvanometer, the method is susceptible of various degrees of 
accuracy according to the relative values given to the two 
variable resistances p and r. 

These should be so adjusted that, for a given value of the 
difference Cpr—M, that is, for a given error in the adjustment 
of the product of the resistances p and 7, the quantity of elec- 
tricity traversing the galvanometer may be as great as possible. 
This requires that the resistances should fulfil the condition 


ecm 4 


— =~) 


r ? 


where 2” is the resistance between A and D through the 
primary coil and battery. Let X and Y stand for the 


integrals f, aat and Si yat respectively, that is, for the total 


currents through the secondary coil and through the galvano- 
meter. Then, equating the integral values of the electromotive 
force between A and E derived by considering the paths 
AGE and AFE, respectively, we get 


(<i 


5] 
r+r 


E being here the electromotive force of the battery B. 


* Since this paper was read, Professor Roiti, of Florence, has kindly 
sent me a copy of a paper communicated by him to the Royal Academy 
of Sciences of Turin (Memoirs of the Academy, series ii., vol. xxxvili.), in 
which he describes a method, very similar to that indicated in the text, 
for the absolute measurement of the capacity of condensers, using for the 
purpose a pair of coils whose coefficient of mutual induction is accu- 
rately known from their dimensions and relative positions. The chief 
difference between Professor Roiti’s arrangement and that given in this 
paper is that, instead of inserting the galvanometer between the points 
marked A and & in fig. 3, he includes it in the branch, aF Fr, containing 
the secondary coil. Between a and & he places a contact-key H, which, 
as well as the key K, is opened and closed mechanically, the two keys 
being moved by cranks attached to the same axle at right angles to 
each other. 
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Again, the final charge of the condenser is 
r 
X+Y=  Soerees 


Eliminating X from these two equations, 
x E 


Cpr—M~ (r+7!)(p+q)’ 
and this is to be as great as possible. 
The denominator on the right may be written 


U / 
pr(1+2+ £42); 
ete! et ad," 
the last term inside the bracket is the product of the second 
and third, and may be taken as constant, since q, the resistance 
of the galvanometer, and 7’, the resistance of the part of the 
circuit containing the primary coil, are practically determined 
by the apparatus employed, while pr has the constant value 
M/C. Hence, Y/(Cpr—M) is greatest when (p+q)(r+7’) 
is least, or when p/g=7/r', which is identical with the con- 
dition of maximum sensibility given above”. 


In conclusion, I may give a few numerical results as 
examples of the applicability of the method ; they arg derived 
from experiments made in the laboratory of University College, 
London, by Mr. F. Womack, B.Sc. 

A. Small Induction- Coil (without iron core). Approximate 
dimensions :—Primary : length 11-5 cm.; mean radius 2 em.; 
wire, No. 20 B.W.G.; resistance 1°65 ohm. Secondary : 
length 10°4 cm. ; radius, inside 2°55 cm., outside 3°83 cm. ; 
wire, No. 30 B.W.G.; resistance 194 ohms. Battery, 2 
Groves. Condenser, 4-926 microfarads (by direct measure- 
ment with ballistic galvanometer). The secondary coil could 
slide endways while remaining coaxal with the primary. ‘The 
first measurements were made with the centres of the primary 
and secondary as nearly coincident as possible, so as to give a 
maximum coefficient of induction. The following are the 
results obtained :— 


* For the mathematical theory of the method, so far as it is given 
above, I am greatly indebted to my friend Dr. A. H. Fison. 
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Ohms. 
= eee Product pr 
r. p (=secondary coil+resistance-box). (absolute units). 
15 1944217 6165 x 1038 
14 +247 6174 
13 + 282 6188 
12 +322 6192 
11 +367 6171 
10 +423 6170 
9 +490 6156 
8 +576 6160 
7 +688 6174 
6 +835 6174 
Mean value of M/C = 6172°4x 10% 


Hence yf = 4-926 x 10-5 x 6172 x 10 =3-0408 x 107. 


In these experiments the value of g/r’ was about 
135/(1°65 + °6) = 60. 
Hence the greatest sensibility would be with p=60r. This 


condition was nearly fulfilled with 


r=10 and p=194+4+423=617. 
In the same way the values of M were obtained for the 
same pair of cuils after displacing the secondary coil endways 


through various distances. 


obtained :— 


Distance between 


centres of coils, 
centim, 
0°55 
1°55 
2°55 
3°55 
4°55 
5°55 
6°55 
7°55 
8°55 
9°55 
10°55 
11°55 
12°55 
13°55 
14°55 
15°55 


The following are the results 


Value of M. 


804-0 x 105 
292°4 
270°5 
246-4 
215 9 
187°8 
158-4 
DA for 
97°3 
plat 
49°7 
33°0 
235 
16°5 
12:35 
9°48 


These values are represented graphically in the curve (fig. 4), 
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Coefficients of Mutual Induction. 


Ordinates x 10° 


1 2 3 4 5 6 7 8 PS TOF nd) | AD 8 “ES ae 
Abscissee x 2= Distances between centres of Coils. 

where ordinates denote values of M and abscisse distances 

between the centres of the coils. a 
B. Induction-Coil, by Apps, capable of giving a 7-inch 
spark in air (presented to the University College Laboratory 
by Mr. J. Rose-Innes, B.Sc.). Length of secondary coil 
21 cm., diameter (measured outside velvet covering) 11:3 cm. 
Resistance of primary wire=0°278 ohm (at 16°5); resistance 
of secondary wire 7394 ohms (at 16°5). Battery, 1 Grove. 
g=185°6 ; 7’ =0°58 (about). Condenser, 4°926 microfarads. 


Ohms. 
Mee ee pr 
oe = 
ia. p. (absolute units). 
27 7394 +155 2°415 x 10% 
28 + 1250 2°420 
29 + 940 2°417 
3 + 65 2°413 
31 + 3890 2°413 
32 + 150 2°414 


Mean value of M/O = 2-415x 1023 
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Hence 
M=4-926 x 10-* x 2-415 x 103 
=1-1896 x 10°. 

As a further test of the accuracy of the method, the 
secondary wires of Apps’s coil and of the small coil (A) were 
connected in circuit with each other and with a galvanometer, 
and the two primaries were connected so that the battery- 
current was divided between them, as shown in fig. 5. The 


Fig. 5. 


connections being arranged so that the induced electromotive 
forces opposed each other, it was possible, by the proper 
adjustment of the resistances of the branches containing the 
two primary coils, to prevent the galvanometer being deflected 
when the battery-circuit was made or broken. When this adjust- 
ment is made, it is evident that the ratio of the resistances of 
the two primary circuits is the same as the ratio of the two co- 
efficients of mutual induction. In this way, 39°45 was obtained 
as the ratio of the coefficients ; whereas the condenser method 
described above gives eee og= 3913, giving a difference of 
about 1 per cent. As, however, the current in the primary 
of the smaller coil has to be about forty times as strong as 
that in the large coil in the comparison experiments, in order 
that the induced electromotive forces may balance—and as, 
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moreover, the resistance of the copper wire of the former was 
a comparatively large fraction, at least: one sixth or one seventh, 
of the whole resistance in circuit with it, while the copper 
resistance of the larger primary coil was not much more than 
one fifteen-hundredth of the whole resistance in circuit with it 
—the ratio of the resistances was no doubt somewhat disturbed 
by the unequal heating of the two primary circuits, and was 
in reality rather less than what was inferred from the marked 
values of the coils used. That this was the case was shown 
by the fact that the apparent ratio decreased progressively 
from 40:3 to 39°45, as the strength of the testing current was 
diminished from its first value to rather less than one sixth. 
A better arrangement of the apparatus would have been to 
put the two primary wires in series with the battery, and to 
have connected the two secondaries in parallel circuit ; but 
the matter was not thought important enough to require a 
repetition of the measurements. , 

The method of measuring coefficients of mutual induction 
described in this paper may perhaps be of use in the experi- 
mental study of dynamo-electric machines, whose whole action 
depends upon the variation of the coefficient of mutual induc- 
tion between the field-magnet coils and the armature coils, as 
the latter take various positions during the course of a 
revolution. 


XXIV. An Account of Cauchy’s Theory of Reflection and 
Refraction of Light: By James Waker, M.A., Demon- 
strator at the Clarendon Laboratory, Oxford*. 


TE theory of reflection and refraction of light holds such 
an important place among the problems of Optics which 
await their solution that it is advantageous to have a clear 
idea of the work which has been previously done in the subjéct. 

The theory advanced by Green has been so thoroughly 
discussed by Lord Rayleigh and Sir W. Thomson that all 
questions connected with it may be considered as completely 
settled. But this is by no means the case with Cauchy’s 
work on the subject; and some account of it may be of in- 


* Read December 11, 1886, 
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terest, even though the theory cannot be said to contribute 
much towards a solution of the problem. 

Several “reproductions”* of Cauchy’s work have indeed 
appeared in French and German, but in most of them the 
elegance, and therewith the clearness, of Cauchy’s method 
have been given up; while they leave in more or less ob- 
scurity the reasoning which led him to enunciate his “principle 
of continuity,” and make no mention of a point of considerable 
interest, viz. the mistake which originally led to his adoption 
of a theory involving the strange assumption of a negative 
value for the coefficient of compressibility of the zther. 


I. 

Cauchy, at different periods, gave three distinct theories of 
reflection: the first two, however, require only a passing 
notice, as they were afterwards rejected by him as in no 
respect affording a complete solution of the problem. 

The first theory was published in the Bulletin de Férussac 
of 1830. It rested on the true dynamical basis of the equality 
of pressurest at the interface of the media; but was vitiated 
_ by the neglect of the pressural waves, which must take part 
in the act of reflection and refraction. The method led, on 
the assumption of the equality of the density of the ether in 
the two media, to the formule given by Fresnel f. | 

The second theory was based on a method of obtaining the 
equations of condition at the interface, which was given in a 
lithographed memoir published in 1836. This method assumes 
a change in the equations of motion near the interface to a 
distance comparable with the radius of the sphere of activity 
of a molecule, and leads to the following theorem :— 

“ Btant donnés deux milieux ou deux systémes de molécules 
separés l’un de l’autre par le plan de yz, supposons que des 
équations d’équilibre ou de mouvement généralisées de maniére 
& subsister pour tous les points de |’un et de l’autre systéme 


* A. vy. Ettingshausen, Poge. Ann. 1. p. 409; Sitzb. der Wien, Akad, 
xviii. p. 869. Beer, Pogg. Ann. xci. pp. 268, 467, 561; xcii. p. 402, 
Fisenlohr, Pogg. Amn. civ. p. 346. Briot, Liowy. Journ. (2nd) xi. p- 805 ; 
xii. p. 185. Lundquist, Pogg. Amn. clii. pp. 177, 398, 565. 

+ Cauchy’s reasons for rejecting the principle of the equality of pres- 
ures at the interface are given in Comptes Rendus, xxviii. p. 60, 

t Cauchy, Mémoire sur la Dispersion, § 10. 
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et méme pour les points situés sur la surface de séparation, 
Von puisse déduire une equation de la forme 


d?s @ 

Ee a Te 
#, ® désignant deux quantités finies, mais variables avec les 
coordonnées xyz. On aura, pour 2=0, 


ds ds’ ey 
ae = are &8>=8,; 
en admettant que l’on prenne pour premier et pour second 
membre de chacune des formules les resultats que fournit la 
réduction de # 4 zéro, dans les deux valeurs de la fonction 
= ou 8 relatives aux points intérieurs du premier et du 
second systéme.” 

The equations of condition resulting from the application of 
this theorem were published in Cauchy’s memoir on Dispersion 
in the same year*. They express that the linear dilatation of 
the ther normal to the interface is the same for both the 
media, and that the rotations in the three coordinate planes 
of a particle at the interface is the same, whether the particle 
is considered as belonging to the first or second medium. 

The method of deducing these conditions was given in a 
memoir presented to the French Academy on October 29, 
1838{. This memoir has never been published; and all we 
know is that the method involved the assumption that the 
velocity of propagation of the pressural waves is very great 
compared with that of the distortional wavest. In 1842 Cauchy 
showed that these conditions lead to Fresnel’s formule. 

The final theory was published in detail|| in the years 1838 
and 1839, and is contained in the 8th and 9th volumes of 
the Comptes Rendus, and in the Evercises d’ Analyse et de 
Physique. later volumes of the Comptes Rendus contain 
re-statements of it; and in 1850 an extension of the method 


* Mém. sur la Dispersion, § 10. + Comptes Rendus, vii. p. 751. 

¢ Ibid. x. p. 905. ‘§ Ibid. xv. p. 418. 

||. The idea seems to be prevalent that we are indebted to the German 
reproductions for our knowledge of the details of Cauchy’s method. 
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was made to rotatory isotropic. media* and to anisotropic 
mediaf ; but this later work was never completed. 


II. 


Cauchy’s final method} of determining the conditions at 
the interface of the media depended on finding the relations 
which must exist between the known values of the displace- 
ments in the interior of the medium, and the values, consistent 
with the conditions of the problem, which these displacements 
take when the change in the form of the equations of motion 
near the interface is taken into account. 

Treating the ether as an isotropic elastic solid, for which 
the density is p, and the coefficients of compressibility and 
rigidity are k, n, the equations of motion are 


de = a8 
pigam® oF ed 
dé ; 
Bangor Raeak 
d? dé 
pg = MG, +HV% 


where P - 
os hes A ae as ea 

o— . + o sg and m=k+in. 

Sir W. Thomson§ has shown that all possible solutions of these 

equations are included in 


dé St ea, 
fai tu a= Geto, ba te 


Bee he u,v, w are some functions of x, y, z, ¢ and uw, v, w such 
dv , dw 
that & ~ + dy = slipepe dz 


fe Si nauin (1) may be replaced by 


=0; further that, making these substitu" 


d? du d?v 
poe =(m+n)V°d, Pag =nV*u, Pp qa 


d?w 
So that there are two modes of waves possible: a condensa- 
* C. R. xxxi. pp. 160, 225. + Ibid, xxxi. pp. 257, 297. 
t Ibid. viii. pp. 874, 432, 469, § Baltimore Lectures, p. 22. 
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” and for which 


: ; a5 
tional wave, propagated with velocity ey) = 
the velocity-potential is @; and a distortional wave, propa- 


gated with the velocity “fh and for which the components 
| p 


of the displacement are wu, v, w. 

Let the interface of the media be the plane of yz, and sup- 
pose the first medium on the side of positive w. 
® Considering only plane waves, which have the same period 
of vibration 27/m and the same trace by+cz=0 on the inter- 
face of the media, the values of ¢, u, v, w satisfying the 
equations may be taken as 


o= +4 ef whit alla Bike oe 2 Cre e(—a,a+by+e2z—at)V—1™, 

“= A elt t byt cz—wt) V=1 + A, go ant by +ez—at) ge 

v= Bib teesed ye Beane 

w= C ett t by+cz—wt) Va} a G TE oe ae 
where 


a= + = ap ees a= 44/22 ya b2—¢2, 


and A, B, CO; A,, B,C, are connected by the relations 
Aa+Bb+Cc=0, —Aw+Bh+OCc=0. 
The corresponding values of £, n, € are accordingly 
Em Agltrtbyter—wt)V—=1 5 IG ark Dao lel ia Bae? utero =1 


ae (—a,+by+cz—wt)V = 
Cae yet by wt) j 


n= Betty ter -wt) =i + Beara te—8 sega 2 Deltutttytee—ad AT 
+ Ope ert bates—op ti 

t=Ce Gis caver 7: Cé (—a2+by+c2—wt) V1 4B, soe euttby+ee—at)V=1 
+B, ce a,t-+dy-+62—wt)V —] 


Now within the medium the displacements are those due 5 


the distortional waves alone, and hence the values of E, n, 
are 


* The ¥ —1 is inserted for conyenience, 
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Ex Arty tee—of)¥ =i a Rigs Seas See 
n= Belt2 ty tc2z—wt) v=a er Beas by+cz—wt)V —1 : 
t= Celartrytez—ot)¥ =1 im OG ARK GD a 


whence, comparing these values with equations (2), 
B,=0,=0*. 

Near the interface, and for values of 2 less than the small 
quantity «¢, the differential equations change form by the 
addition of terms whose coefficients are functions of 2, which 
vanish when « exceeds the small quantity e. These additional 
terms may be reduced to linear functions of &, n, & and their 
differential coefficients with respect to xt, since the equations 


will still be satisfied by taking the displacements proportional 
(by+ez—wt)V —1 


to the same exponential é 

We require now to determine ie values of &, 7, § which 
satisfy these altered equations. 

Cauchy’s method of doing this depends, as v. Kttings- 
hausent has pointed out, on the method of the variation of 
parameters: by this method the constants A, A,... are 
treated as functions of #; and a first condition imposed upon 


them is that OSS a = must remain unaltered in form, so that 


dé _ Be os ‘s ea ) 
- — Aedes ete wt)V—1 Ape‘ axr+by+ez oe 1 
+B = = us N= —— 
pooner tse ot)V =] ei, C, 2,266 a,e-+by+cz—wt) R vies 


ao { Bae’a*t by tee— w)V—-1_B aerate beret VAI 
an ( 


(4) 
of Bape Capper tte —en/=1 / —1, 
= = HOE ei ica dg iad BS BY alae tae 
SPE ear : TAs, NY beeen} 
+ Baer ere wt) '—C,a,ce~ a,,2+by+cz—wt) /—l. 
Consider now any one of the parameters, say B,,; its value 
deduced from equations (2) and (4) is of the form 


dé 
B,= (nf+un+ voto 7 +p! 


Differentiating this equation with respect to x, and substitu- 


* C. R. yiii. p. 440. t Tom. cit. p. 461. 
{ Pogg. Ann. 1. p. 409. 
N2 


+o =e gm (aye by Fee wt) VT 
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, PE dn AE : ; : 
ting for a aa? dat from the changed differential equations, 
all the terms will cancel out except those which depend on 
the change of form; and we shall have 


a, 


dé dy dE —(a,e+bytee—wt)¥— 
LS eS: 7} 
Bua (LE+Mo+NE+PE+RE+S 


RE Z 
where L, M,... vanish for finite values of «. 

New the values of &, 7, ¢ will differ but slightly from those 
givcn by (8), so that this last expression may be written 


dB ~ a 
Fy = (AL+BM+.. oars =k (ALLBM+..)e0cte oy 


whence the variable part of B, is 


ae { (AL4BM+...)he-000" “ge 


a (A,.L+BM+.. Je @ata,ev=1dy, 


Similar values are obtained for the parts of A, A,,... which 
depend on «. Now L, M,... vanish for finite values of 2; 


so that if { Lda, | M dz,...are very small relatively to 
0 2/0 


A, Hy ¥,-..", the variable part of B, may be neglected if 
—(ata,)/—1, (a—a,)/ — 1 have no real positive part ; so 
that those among the coefficients A, A,... will remain un- 
altered, when the change in the medium near the interface is 
taken into account, which have the coefficient of « in their 
exponential factor with a real part not less than that of aa/—1. 

In the present case this will be so for all the parameters 


except B,,; and hence, calling &, , € the corrected values 
of &, 7, f, we have 


E a Ate tty ten—at)v = 1 4 Bettie rere ae Bia ete here ea 


3 
= Belatteytee—wt)v =i 4 Betta ent ais B bee ee 
2 


wv SS 


— (art by+ez—wt)V <1 = =ot)V=1 = =F 
= Or cz —w ie Ce ax+by+cz—wt) 1 + Butters oan 
* This necessitates, first, that the coefficients of the added terms in 
the altered differential equations are all finite, and their product by ¢« 
very small; secondly, that the thickness of the modified layer is small 
compared with the wave-length (Comptes Rendus, viii. p. 439; ix. p. 5). 
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dé _ = Aaettttytee—of¥=1 __ A jae —artbytez—wtV¥ 1 


dx + B,a,2ee Pater oO} Veale 
an { Baelts teytee~ a) =i —Byae —ax+by+cez—wt)V —1 

a B, Ay Jeltuttiytes—wt)¥ =I REY, 
& {Cae' (ax-+by+ez—wt)V¥ —1 —C, a eho attytez—atyV 1 = 
; 2 i Ba, sega ETA 1 t NaEATE 1; A 
or, 1 
g, 1; @ 


Res ys \ are the components of the displacements in the 
w Tu Su 
incident es. . 
reflected - wave, , 7, € are such that 
pressural 
E=E+E +E, n=nt74+, c=04+ 0481; 
dé _ dé , dé, & dn _dn , dn, dny de de ata 
dx dg ide. dx’ dz aig le dae dz = da ‘ide ede" 
In the same way, for the second medium the corrected 
values of the displacements are such that 
=F +8", =a +n", C=o4 0; 
ie dé dé" = daf _ dn , adr! dra eae 


a Be, 


dx dz dx dz dz ' dx’ dx dz dx’ 


where 


! 
| A Pa } are the components of the displacements in the sa ines 


Finally, assuming*, that for «=0, 
spt mew ULE a_i &_a@ 
— 7 = — = 
g=8, 1-1, 5=%, dz da’ dx dx’ dx dz’ i) 


we have as the interfacial conditions, that for s=0, 


E+E +E&,= £1 4-8", H+, +9,= a +7", 
bg on = pe 
dé dey Ey _ qe dé" sel dy, Ey _ dy, da (6) 


dc dx dx dx dx’ dx dz dx dx dx’ 
a, dG, dy ae, att 
da dz dx rae dz* J 
* C. R, ix. p. 94. 
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These equations express Cauchy’s principle of the continuity 
of the motion of the ether, according to which the incident 
wave passes into the reflected and refracted waves “sans | 
transition brusque.” . 

Judging from the historical sequence of Cauchy's papers, | 
there can be little doubt that he enunciated this principle as 
the physical interpretation of the result arrived at by reason- 
ing analogous to the above; it is, however, impossible to 
agree with vy. Ettingshausen that “ Cauchy hat diese Gleich- i 
ungen (6) anfianglich aus Griinden gerechtfertigt, die sich 
auf das Verfahren der Variationen der Constanten zuriick- 
fiihren lassen ;”* as the principle is already involved in the 
assumption (5)f. 

All that the above analysis really leads to, and all that 
Cauchy} claimed to have established by it, is the necessity for | 
including the pressural waves in the problem of reflection and 
refraction. 

Since the true dynamical equations of condition, given by 
the equality of displacements and pressures, are that for <=0, 


=F, a=7, &8, | | 
= e ae dz | 
(m—n)6+ and — (an! —n')8' + ane, L(7) 7] 


| 
dE dy) __ (dé af) dg dey _ (at iB), | 

a(t a) =0(F dz }’ n( Fe 4 as da ae : 

it is clear, as has been often pointed out, that Cauchy’s 

assumption involves that of the identity of the statical pro- 

perties of the zether in the two media. Lundquist§, however, 


considers that “Cauchy has established his principle of con- 
tinuity by the aid of analysis, the exactitude of which it is 


* Sttzb. der Wien. Akad. xviii. p. 371. 

+ I do not think Cauchy contemplated a continuous rapid transition 
of one medium into the other (of. C. R. x. p- 347); neither does 
v. Ettingshausen in his paper. Supposing the assumption justified on 
these grounds, yet, as von der Miihl has pointed out, the former assump- 
tion respecting the coefficients of the additional terms in the modified 
equations precludes the assumption of a finite change in the statical pro- 
perties of the media (Matt. Ann. v. p. 477). 

£-C. Bex. pe 347, § Pogg. Ann. clii. p. 185. 
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not easy to contest ;” and hence that this result, combined 


with the dynamically exact conditions (7), proves “the legiti- 
macy of Green’s assumption of the equality of the compres- 
sibility and the rigidity of the ether in the two media.” 
Cauchy himself did not see that this was involved in his 
conditions ; and so in what follows the compressibilities and 
rigidities of the two media will be considered as unequal. 


III.* 

Taking, as before, the interface of the media as the plane 
of yz, and the first medium on the side of positive x, let the 
axis of z be parallei to the plane of the waves, so that the 
plane of «ry is the plane of incidence ; then, if £ » € and £7! ? 
denote the components of the displacements in the first and 
second medium respectively, £ 9 f, & 7! &' will be independent 
of z. 

(1) Let the tceeieat vibrations be perpendicular to the 
plane of incidence. 

The general equations of motion are in this case 

a SS a 
aaa Gy) Par =" (ae t a) 
and the principle of continuity gives for the interfacial con- 
ditions that for z=0, 
a ee 
ae dz dx’ 
Assuming 
t=C glartby—et)V=1 +C rant by—at) V1 


¢' = e(@’stby—ot) MET, 
3 


we get at once 


cut? cata? 


Pr Jas), ee 
_a—d___ sin(i—r) 
Vatd— sin(i+7r)’ 


since 
b 


ae 
—=tani, -,=tanr; 
a a 
where i, r are the angles of incidence and refraction. 


* C. R. viii. p. 985; ix. pp. 1, 59, 91, 676, 726, 727 ; x. p. 347. Ez. 
d’ An, et de Phys. i. pp. 133; 212, 
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(2) Let the incident vibrations be in the plane of incidence. 
The equations of motion in the first medium are 

we dat, any, (tt, CE 

Cae adast a tn(Tat dy’)? 

dy = d (dé , dn dn , dn 

Using Green’s* method of separating the distortional and 
condensational parts of the solution, and assuming 


the equations of motion become 


Pp_ (Fb, Pb), Ep_ (Cy, Py 
de 7 \ dai ai) dt 1 \ dat + aye) 
where 
G=(mt+njip, Y=n/p. 
Similar equations apply to the second medium. 
The principle of continuity gives for the interfacial con- 


ditions that forz=0, | 
db, dp _ dg’, av | 


dz ' dy dx‘ dy ; 
dp _dyp_dg'_ dy’ ae 
dy” das dy oe aa | 

6, dy _ eg, ey 7 

dx’ dady dax* ° dady (9) 


dp ay _ &p' dy 
dady ds? dady da 


Since these equations are true for all values of y, we may 
differentiate with respect to it, and hence, by means of the 
equations of motion, replace (9) by 

1d@o_ 10 1d@y_ 1 dy 
9 dg? dt’ ee ° e (9a) 
It may here be noted, that if we take the general equations 


of condition (7) and assume the equality of the rigidities of the 
ether in the two media with no assumption respecting the 


* Collected Works, p, 261. 
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compressibilities, we get, instead of (9a), 

 @ Nik 1 a a / 

a= OTe? oe = TE ren 
Assume 


=m et by aOv =i 
p =B,e" ’ 
ap = Agitttty—at)/=1 ee 
’ = Biorrtty- eV 1 
y= giaietby—ot)¥ 1, 
The equations of motion give 


w?=72(a2 + +6%) = =7 oa (a? + b?)= =a 2 al’? +52); 
whence 


Os ee. /—1= bun/—1, say; 


aby /1— ape I= —bu!’n/ —1, say, 


the negative sign being taken, as the second medium corre- 
sponds to negative x. 


From equations (8) and (9a) we get 
u,,B, VW —1+ (A+A) =—w’B’Y —1 +1, 
bB,,—a(A —A,) =bB”—d’, 


Ti : BY, ° (10) 


go. ie 
1 1 
P (A+A,)= 2 
The last two of these equations give 
2 
A+A,= "7 =p, 
where p is the refractive index, and 


2 al!2 4. 5? 
By= aD = aah 2+b 


Substituting in the first two of equations (10), we get 
(u,,B,,+u/ BY) V —1=1-%, 


B=, eB", say. 
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whence 
pane sor EO ae 
. My U, +ul : 
and 
enw if 
“A—A,= a as 7 (Bu B ) 
_@ b). FY ae ae 
ma ate a 1)M 1, 
where 
ne il 
i My by, + ul 
Hence 


/ ——— 
oA=pe+ © 42 (ut—1)MV =I. 


a+? a b a’*—a? 
~ a+ aang a? +b? ° MV-1 
_ (aa +b?) +b(a' —a)MV—1 
_ a(a? +) 
ty Ne — 
_ (aa’—b*) ae ae  (a’—a)=2R,A"=", say. 

Then R, R, denote the amplitudes of the incident and 
reflected vibrations, and 6, 5, the difference of phase between 
the incident and refracted, the reflected and refracted waves 
respectively. 

Hence, if is the azimuth with respect to the plane of inci- 
dence of the incident vibration, the reflected vibration will in 
general be elliptical with a difference of phase 5,—5 between 
the components in and perpendicular to the plane of incidence ; 
and if this difference of phase is destroyed, the azimuth 8 of 
the resulting rectilinear vibration will be given by 


cot B= R/C,. 


(a! +a)=2RAY—, say ; 


Hence , 
ct 8 g-yvai— (ad -P)—-W+a)MV=1 
cota (aa! +b?) +b(a' —a) MV — 1’ : (di ) 
an 


cot? B Sa (aa! —b?)2 + b?(a! + a)?M2 
cot?a = (ua! + b?)2 + b?(a! —a)2?M2 
— 608" (i+1) + M? sin? (i+r). 
cos? (i=r) + MP sin® (=r) 
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also 
_ M{tan (i+7) +tan (i—r)} 
pag 1—M? ian (¢+7) tan (i—r) 


Total Reflection*. 
If w is less than unity, we may write ~=sin I, and we 
get 


2 2 
a= “Ty cos? r= “sin (Id) sin(1 +3). 


Hence, if «>I, the value of a! becomes imaginary, and the 
refracted ray will die out as it leaves the refracting surface. 
Writing 
U=sin? (i—I) sin (+), 


we must substitute in the formule obtained above 
(=~ Uy I, 


the negative sign being taken, as the second medium is on the 
side of negative x. 

Substituting this value, we find that the reflection is total 
both for the vibration in the plane of incidence, and for the 
vibration perpendicular to the plane of incidence, and for the 
difference of phase between the components of the reflected 
ray we get from (11) 


cot B 6-sv =i _ 8int (sini + UM) +cosi(Msini+U)Y—1 
cota” sin i (sint+ UM)—cosi(Msini+ U)V —1’ 


whence 


fay Uo = 8AM sin i+sind (1) sint G+} 
2 sin i {sini+ M sin? (i—I) sin? (¢+1)} 


sin? [ 
o.o8 Ores e 4 . 
ca +sin? ({—I) sin? (¢+ I) 
= — - COS 7, 
sin’ 2 


if the square and higher powers of the small quantity M are 
neglected. 
Cauchy has sin? instead of sin? I in the numerator of the 


* C. R. ix. p. 764; xxx. p. 465. 
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last expression; the correct formula was first given by | 
Beer*. 
EV at 

Before proceeding further, it will be as well to discuss the 
value of the expression denoted above by M. 

Cauchy, not seeing that his equations of condition involved 
the assumption of the identity of the statical properties of the | 
zether in the two media, adopted the following relations, 


mtn=—en, m+ni=—en', 
where ¢, e are very small numerics. 
These relations give 


m+n a e? 
Ly = p ae =e ? 
n 1 1 
Uy= = > \i = = ———. 
" val (m+n) sini \ = e*sin?z esin? 
1 
fe 
ae sr 
Hence ; 
aCe 1 
fe ae 
= weed ° ee | . ae ° = 
WT we ae e'sinr=K sini, 
é? esinz eésinr 
if B=e—< +. 
pe 


No attempt has been made, so far as 1 am aware, to indi- 
cate the reasons which led to Cauchy’s adoption of the above 
remarkable relations between the coefficients of compressibility 
and rigidity of the wether in a medium. 

Tn order to find a relation between the coefficients, Cauchy 
considered the condition which must be fulfilled if the 
incident light is completely polarized by reflection. 

This condition is that M=0, giving since 

fg? 1. pal 
where w,, w! are both positive, that 


' 
" m+n m+n 


* Pogg. Ann. xci. p, 274. + C. R. ix. pp. 691, 727. 
1 C. R, xxviii, p. 64. Originally Cauchy took «=0, 
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In his first memoir on the subject, Cauchy*, forgetting to 
take into account the fact of the media being on different sides. 
of the plane of yz; wrote 

al =bul! YW —1, 
where wu" is positive. 
Hence he obtained 
pol ty tu! 
 peg?tty— el Lua!” 
where u,, wu" are both positive, giving as the condition for 
complete polarization 


u,=ul=o, or m+n=0=m! +n. 


He then argued that incomplete polarization must be due 
to the fact that these expressions differ slightly from zero, and 
that their value must be negative, in order that the pressural 
wayes should be insensible at a distance from the interface for 
all angles of incidence. 

In a memoir published in 1840 and in the LEzercises 
@’ Analyse et de Physique}, this mistake was corrected, and the 
true condition p/(m+n)=p!/(m'+n') was given; but, appa- 
rently led astray by his original mistake and by a desiret 
(afterwards given up, Compt. Rend. xxviii. p. 125) to make 
complete polarization depend on the properties of the refracting 
medium alone, and not on any relation ‘between the two 
media, he still adopted the solution 

m+n=0=m!' +n; 
though he mentioned§ also the true solution, viz. that the coeffi- , 
cient of compressibility of the ether is infinite, and the wave- 
lengths of the pressural waves in the two media are equal. 

Assuming that the ether is incompressible, the polarization 
of the reflected ray will be elliptical when the wave-lengths of 
the pressural waves are ges and we get 


Fs 1) |G ae 1), 


where 2, X are the wave-lengths of the pressural waves in 
the two media. This is Hisenlohr’s suggestion; but the 


* C. R.ix.p.04. Ex. d’An. et de Phys, i. p. 167, 
+ C.R. x. p. 357. Ex, d’An, et de Phys. i. p. 233. 
t C. R. ix. p. 727. § Ibid, x. p. 358, 
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form in which he made it does not show that it involves ie 
absolute incompressibility of the ether. If 2,/A"=/d', we 
get Green’s formula. Nisenlohr* says that this assumption 
is absolutely untenable: it is, however, as Green shows, a_ | 
direct consequence of the assumption made by him, and in- 
volved in Cauchy’s conditions, viz. the identity of the statical 
properties of the ether in the two media. 

Further than that, if we assume only the equality of the 
rigidities, the equations of condition become (8), (96) ; whence 


/ 
Bf = - =p"; 
and if the ether is incompressible, 
p?—1 
gi ET 

Haughton’sf suggestion that the coefficient of compressi- 

bility is very great, but not infinite, does not help matters ; 
so that it would appear that the only way to escape the diffi- 
culty is by one of Lord Rayleigh’st suggestions :— 

(1) That “although the transition between the two media 
is so sudden that the principal waves of transverse vibrations 
are affected nearly in the same way as if it were instantaneous, 
yet we may readily imagine that the case is different for the 
surface-waves, whose existence is almost confined to the layer 
of variable density.” 

(2) That “ the densities concerned in the propagation of the 
so-called longitudinal waves are unknown, and may possibly not 
be the same as those on which transverse vibrations depend.” 

Kisenlohr§ gives another (it appears entirely empirical) 
value for M: it involves, as Cauchy’s, a negative value for 
the coefficient compressibility of the wether, and leads to 
formule closely agreeing with experiment ; as, however, they 
contain a third disposable constant, this close agreement is 
hardly to be wondered at. 

Vv. 

Cauchy’s formule for metallic reflection were originally 

published on April 15, 1839], and thus were obtained from his 
* Pogg. Ann. civ. p. 358. ¢ Phil. Mag. [4] iv. p. 81. 


} Ibid. xlii. pp. 96, 97. § Pogg. Ann. civ. p. 356, 
| C. R. viii. p. 553. 
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second set of equations of condition, in which the pressural 
waves were neglected. The formule were republished on 
January 17, 1848*, and apparently no attempt was made to 
obtain banadions in which the influence of the pressural waves 
was included. 

Cauchy considers the peculiarities of metallic reflection to 
be due to a complex value of the refractive index. 

Writing 

w= Oe ate 
we get 
ia oe 2,2 —1 4m” V9 ou/ =i 
<a (Pe%" —!—gin? )=y- EUZERY Shani 
whence 
; ; —— sini 

U? sin 2u=6 sin 2e, cot 2u—e=cot € cos (2 tan—} a). (12) 

Substituting 


Qa = ar : Qar 
a= — > Ue}, a= cost, b= —sini, 


in the values of C,/C, A,/A, and making ae we get at once 
Cauchy’s well-known formule. 
Making these same substitutions in (11), we get 
cot B awa _ sin?é+cos¢ UeY—? 
cota ~ gin?¢—cos i Uew=! | 


whence 


2U sinu cosisin?z _. U cost 
tan A = —7.— ag Bin uw tan{ 2 tan-’—,- }, 
sin? 1— U? cos? 7 sin? 7 


cot? B _ sin* 7+ cos?i U?—2 sin*i cosi U cos Z 


cot?a@  sintz+cos?z U2+ 2sin?icosi U cosw’ 
where ™ 
re : _, U cos ‘) 
cot cos u sin ( 2 tan ah? ¢ 
or, if a=45°, r 
cot 28=cos u (sin 2 tan—? oe). 
sin? ¢ 


At the polarizing angle I, for which A=7/2, we have 
UstanIsinI, u=2£, 
* CR. xxvi. p. 86. 
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where # is the azimuth of the reflected vibrations, when the 
incident vibrations are in an azimuth 45° with respect to the 
plane of incidence. 

These values substituted in equations (12) give the value 
of the constants @, ¢, and then these same equations. serve fo 
the determination of u, U for any other angle of incidence. 

While the above equations can at the best be only considere 
incomplete, objections have also been made to the comple 
value of the refractive index involved in them. 

Lord Rayleigh’s criticism* that the real part of yu? shoul 
be positive, while the results of experiment substituted in 
Cauchy’s equations give a value of u* with its real part nega- 
tive, seems not so much an argument against Cauchy’s idea, 
as an “argument against the attempt to account for the 
effects on a purely elastic solid theory ” f. 

The valne of yp? resulting from Sir W. Thomson’s theory of 
light is a real negative quantity ; this value substituted in 
Green’s equations gives the reflection total at all angles of 
incidence. For this result there is no experimental evidence 
at present, except in the case of silver. The same will result 
from Lord Rayleigh’s extension of Green’s theory, unless, as 
seems scarcely probable, the refractive index of the pressural 
wayes is a complex quantity. 


Bigs 


In August 1850{ Cauchy published the outlines of the 
result of applying his method to the case of reflection at. 
the surface of an isotropic medium which possesses rotatory, 
power. ; | 

The displacements in the upper medium are taken as | 


E= Abelartty-ot)/=1 4 A bela tty-wt) =i 24 Baer tye) V1 
n= —Aactyzet 14 A gel—aetdy-wt)V =i Bbelsuetty—o) V1 


2 a" — 
=~ Celartby—wt)V =I 4 2TO pl-aety-wo I ; 


* Phil. Mag. [4] xliii. p. 326. 


+ Eisenlchr, Wied. Ann. i. p. 204; Glazebrook, Brit. As Repor 
1885, p. 197. i ae 


-} C. RB. xxxi. pp. 160, 225, 
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and those in the lower medium, since there will be two 
_ refracted waves circularly polarized in opposite directions, 


| B= Ay bela'stty-wt) ¥=1 4 A lbelaa't+ by—at)¥ =I 4 Bllqllelate+by—wt) ved 


| = bs Alaylela'et by at) 71 Aglagleavetty-wt)v =1 ah. Bilege’stty evi 


Saar We Qa aoe ae a! Qar 1 i 
east Nees) ALS ela'etby—wt) V1 Al ad AJ! e(a'z+by—wt)V=1, 


Substituting these values in the equations of condition re- 
_ sulting from the principle of continuity. we get 
: b(A+A,—Ay!—A,!) =Bla!” —B, a", 
—(A—A,)a+ Aja, + Ayla)! =b(B"—B,), 
 B{(A—A)a—Ajlay!—Asla,'} = (Ba? — B,a,2), 
:4 (A + A,)a? + Aj'ay? + Aga)? =b(B"a"—B,a"), 


| 
| 
Xr r f 
C+C,=(—S al > Ad!) Vern | 
Xr ru — 
(C—C)a=(= 5 ay'Ay!+ xi As!) V/—1. 


| 
| _ The last two of these equations give 
r r eo 
2aC = { (a+a,/) x Aal— (ata) Ad be =H, | (14) 
nA nae mah 
2aC,= { (aa ) wi A,! —(a—ay,') Wine. J/—i. 
Fr am the first and fourth we get 


r2 
A+ A= Xa Alt ap Ath fe bee eo aL) 
and from the second and third 
ele dai ee 
B, Sele =," B"; 


whence, writing as before, 
: peek b=—M V—1, 

Po a 

where M is the coefficient of ellipticity, and eliminating B, B" 
| between the first two of equations (13), 

(a—Mb V— —1)A—(a+ Mb f—1)A,=(a;!—Mb / —1)A)! 


+ (a —Mb »/ —1)Ay’, 
VOL. VIII. 0 
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and from (15) | 
QaA = U,A,! + U,A_, 2aA, = V,A)' + V.Ay, ° (16) 


where 

—, a +a 
U,={ (aa’ +2?) + Md(a,’—2) v=} oR 
=i {cos(i—7,) + Msin (i—7),) V —1} sin (¢+7) | 


al 


sin7, 
Vy ={ (aa, U8) —Mo(a/ +a) Yous 
ie a? + 6? 
Ss 7 (00s (¢(+7,;)—Msin (¢+7) rien i se) | 
and U, V, are: similar expressions with () written instead 


of (;). 
First, consider the case in which the invident vibration 
are perpendicular to the plane of incidence. 


Then A=O, and equation (15) and the first of equation 
_ (16) give 


Xr rn 
A,= WE A, aw Aj, U,A,'+ U,A’=0, 
1 2 
whence from (14) 
<1 Se 2a /—10 
AZ r? ae Ny Xr : 
xP U.— wo U, xg (a+ ay!)Uy-+ x! (a+ a')U, 


2av—10, 
x es 
x, tga Ue (a—a,')U, 


¥ 


and writing for U;, Us, a, a', as, b their values in terms of 
the angles of incidence and refraction, 


sin 22 sin aS - [cos 2R—M sin2R / —1]. 


D [ sin’ (+ R)—sin? aed 


D sin (i—R) sin (i+ R) + D’ sin? aS 
C= TS oer oak eaaiae Ao .C; 
D | sin*(z + R) — in| 
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where 


D = cos (i—R) + M sin (i— R) V — 1, 
D’= cos (i+ R)—Msin ((+ R) ¥—1, 


a 
Ss 2 


, the mean angle of refraction. 


Omitting squares and products of the small quantities 
M, sin 


Pilots 


2 


» the formulz become 


T;—9 


3g «cos 2K 
epee a) (one) ¢ Mali GR) oT] ae ER) 


et sin ((—R) (, = 
/~ sin (i+.R) : 


sin 27 sin 


Hence the retiected ray will be in general elliptically pola- 
rized, except for an angle of incidence such that the angle of 
mean refraction is 7/4, in which case the reflected ray will be 
plane-polarized with vibrations perpendicular to the plane of 
incidence. In all cases the component perpendicular to the 
plane of incidence is practically the same as if the medium 
had no rotating power, the other component being very small. 

Next consider the case in which the incident vibrations are 
in the plane of incidence. 

Then C=0, and from equation (14) 


! I 
;_™M ata, ! 


foe See erat? 
and hence 
NA A Nid 
—— a = 
Craicy Dre! 
(a,! —a,!) 


ie r 7. 
i, (at+ay!) Vit x! (a +a,')Ve 


nv Se 
mee 


x es 
ra! (a +- ay!) U, te a (a AP ay')U; 
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Whence 
Cis hs 


aN ark 1 A, 
D [sin’ (+R) — sin? 15] 


sin 27 sin 


C= V¥—1- 


D’sin (i+ R) sin (i—R) + Dsin? r 52 
—~.A; 


Tear Cz TIG RPT GRP RETO Oe Be 
D [sin? (+R) — sin? 15 “3 
or, to the same degree of approximation as in the former case, | 


mr 
Pe | 
[cos(i—R) +Msin(i—R) /—1] sin?(i+ R) 


sin 


C= V¥—I1sin 2 


A = 008 (+R) —Mssin (i+ B) v—1 sin (i—R) 
‘cos (i—R) + Msin ((—R) Y—1 sin (+R) 


Hence the reflected ray will be in general elliptically 
polarized, the component of the vibration in the plane of 
incidence being practically the same as if the refracting 
medium had no rotating power, the component of the vibration 
perpendicular to the plane of incidence being extremely small. 
At the polarizing angle for which R+i=7/2, the reflected 
vibration is plane-polarized, and the vibrations will be at ar 
azimuth with respect to the plane of incidence given by 
t,—12 

2 
eS 

VIE 

In the same year (1850) Cauchy extended his method to 
the problem of crystalline reflection: the complete solution 
was given in a memoir presented to the French Academy on 
September 16, 1850*. 

This memoir was never published, though it was announcedt 
to appear in the 23rd volume of the Mémoires de l’ Académie ; 


and we have only slight indications of Cauchy’s manner of 
dealing with the problem. 


"CR. xxxi, py 422. + Tom. cit. p. 509. 


sin 
tan B=tan 27. 
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In accordance with the results of his theory of double 
refraction, Cauchy does not suppose the vibrations to be 
necessarily strictly transversal and longitudinal*. In order 
to eliminate the amplitudes of the latter vibrations, he assumes 
as an approximation the strict transversality of the former, 
and thus obtainst four equations between the quasi-transversal 
amplitudes, which contain three coefficients, whose values are 
known when coordinate axes are taken depending on the re- 
fracting surface and the plane of incidence. 

A second memoir{ is devoted to the determination of the 
value of these coefficients, when fixed directions in the crystal 
are taken as the axes. The value of this determination is 
lessened by the fact, that at the very commencement an 
approximation is made depending on the peculiar relation 
between the Se aS of elasticity, which we have considered 
above. 

This is all that has been published, except some notes indi- 
cating a few of the results of his analysis ; it is, however, 
probable§ that Cauchy first obtained a solution on the assump- 
tion of the strict transversality of the luminous vibrations, 
and then proceeded to apply corrections to the values thus 
obtained, and it is possible|| that he adopted in the solution 
MacCullagh’s idea of uniradial directions. 

There is no need to enter further into this part of Cauchy’s 
work, as Briot{ has employed both these methods in his excel- 
lent adaptation of Cauchy’s theory to the problem of Crystalline 
Reflection. 


* C. R. xxxi. pp. 268, 299. + Tom, cit. p. 257. 
t Tom. cit. p. 297. § Tom. cit. p. 160. 
|| Zum. ctt. p. 532. { Liou. Journ, [2] xii. p. 186 


